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ON SPECTRUM OF I-GRAPHS AND ITS ORDERING WITH
RESPECT TO SPECTRAL MOMENTS

FATEMEH TAGHVAEE - ALI REZA ASHRAFI

Suppose G is a graph, A(G) its adjacency matrix, and U (G) < i (G)
< -++ < Uy (G) are eigenvalues of A(G). The numbers Si(G) = Z uk(G),
i=1

0 <k <n-—1 are said to be the k—th spectral moment of G and the
sequence S(G) = (So(G),S1(G),---,S,—1(G)) is called the spectral mo-
ments sequence of G. For two graphs G| and G, we define G| <5 G», if
there exists an integer k, 1 <k <n—1, such that foreachi,0 <i<k—1,
Si(G1) = Si(G2) and Si(G1) < Sk(Ga).

The I—graph I(n, j,k) is a graph of order 2n with the vertex and edge
sets

V(I(n,j,k) = {uo,uty...,Un—1,V0,V1,-+-sVn—1},
E(I(n,j,k)) = {uittyqj,uivi,vivigx ; 0<i<n—1},

respectively. The aim of this paper is to compute the spectrum of an
arbitrary /—graph and the extremal /—graphs with respect to the S—order.

1. Introduction

In this section we recall some definitions that will be used in the paper. All
graphs considered here are simple and undirected, without loops or multiple
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edges. The symbols F,, Cy, S, and U, stand for the path of length n, the cycle of
size n, the star graph on n vertices and a graph obtained from C,,_; by attaching a
leaf to one of its vertices, respectively. Our undefined terminology and notation
can be found in [3].

Suppose G is a graph with adjacency matrix A(G) and U;(G) < w0 (G) <
-+ < Wy(G) are eigenvalues of A(G). The numbers Si(G) = Y, uk(G), 0 <
k <n—1, are said to be the k—th spectral moment of G. The sequence S(G) =
(So(G),S1(G),- -+ ,8y,—1(G)) is called the spectral moments sequence of G. It is
well-known that Sy = n, S; =0, S, = 2m and S3 = 6¢, where n, m and ¢ denote
the number of vertices, edges and triangles, respectively [3]. Suppose G| and
G, are graphs. If there exists an integer k, 1 < k < n — 1, such that for each i,
0<i<k-—1, S,‘(Gl) = S,'(Gz) and Sk(Gl) < Sk(Gg) then we write G1 <s G».
If for each i,0 < i <n—1, S;(G|) = Si(G>) then we shall write G| =g G,. We
shall also write G| =<5 G, if G| <5 G or G| =5 G,. Let G; and G, be two sets
of graphs. We write G <5 G» if G| <5 G, for each G| € G; and each G; € G,.
Suppose F and G are graphs. An F—subgraph of G is a subgraph isomorphic to
the graph F. The number of all F-subgraphs of G is denoted by ¢¢(F) or ¢ (F)
for short.

The generalized Petersen graph GP(n,k) is a graph with vertices and edges
given by

V(GP(n,k)) = {ai,b;i|1<i<n},
E(GP(n,k)) = {aibi,aiaiy1,bibiyi |1 <i<n}

respectively, where i + k are integers modulo n, n > 6. Since GP(n,k) = GP(n,n
—k), we can assume that k < |51 |. The I—graph I(n, j, k) has

V(I(n7]>k)) = {MO,Ml,...,Mnfl,V(),Vl,...,Vn,I},
E(I(n,j,k)) = {wistiyjuvi,viviex; 0<i<n—1}.

as vertices and edges, respectively. Since I(n, j, k) = I(n,k, j), we have j <k
or k < j. Since I(n,1,k) = GP(n,k), the class of I—graphs contains the class of
generalized Petersen graphs.

Following Boben et al. [1], we draw the vertices of an /—graph on two
concentric circles, vertices u; on one circle and vertices v; on another circle.
We call the vertices on these two circles the vertices on the outer rim and the
vertices on the inner rim. Edges between the two rims are called spokes. A
proper I —graph is a connected /—graph which is not isomorphic to a generalized
Petersen graph. The smallest proper /—graphs are 1(12,2,3) and 1(12,3,4) that
are depicted in [1, Figure 1].
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In [4], Cvetkovi¢ and Rowlinson obtained the first and the last graphs in
an S—order, in the classes of trees and unicyclic graphs with a given girth, re-
spectively. In [2], the authors continued the pioneering work of Cvetkovié¢ and
Rowlinson to compute the last d + |4 | —2 in the S—order, among all unicyclic
graphs of order n and diameter d. In [9], the present authors computed the last
third graphs in the S—order, among all generalized Petersen graphs. The aim of
this paper is to generalize our earlier results to /—graphs. It is merit to mention
here that a result of Gera and Stdnicd regarding the eigenvalues of generalized
Petersen graphs [5] and another result of Hu et al. [6, Lemma 2.3] on computing
the k —th, 4 <k <8, spectral moment of an arbitrary graph G are critical in our
work. We encourage the interested readers to also consult [7, 8, 10] for more
information on this topic.

2. Main Results

In this section, we find our description for the spectrum of I-graphs I(n, j, k).
Let A(I(n, j,k)) be the adjacency matrix of I(n, j, k). An n x n matrix is called
circulant, if it has the following form:

S1 S Sn
. Sn 1 Sn—1
circ(sy,82,...,8,) = )
5083 ... 8

For the sake of completeness, we mention here two results of [1] which are
used later.

Theorem 2.1. ([1, Proposition 1]) The I-graph I(n, j,k) is connected if and only
if ged(n, j,k) = 1. If ged(n, j,k) = d > 1, then this graph consist of d copies of
3.4,

Theorem 2.2. ([1, Theorem 2]) A connected graph I(n, j,k) is bipartite, if and
only if n is even and j and k are odd.

Lemma 2.3. The adjacency matrix of the I(n, j, k) has the block form

. oo,
atn gy = G L.

where 1, is the n X n identity matrix, C; and C;? are circulant matrices, with

c; = cire(0,0,...,0,1,0,0,...,0,1,0,0,...,0),
—— ——
k times k—1 times
! = cire(0,0,...,0,1,0,0,...,0,1,0,0,...,0)
~——— —_———

J times j—1 times
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being the adjacency matrix for inner rim and outer rim, respectively.

Proof. Let ged(n, j) =d and ged(n,k) = d'. If d,d’ = 1, then there is a cycle
with n vertices in outer and inner rims. If d,d’ > 1, then the outer rim whose
adjacency matrix is C'} has d connected components each of which is isomorphic
to a cycle graph with 7 vertices and the inner rim whose adjacency matrix is C}
has d’ connected components each of which is isomorphic to a cycle graph with
7 vertices. It is clear that the adjacency matrix depends on the labeling of the
graph. We label the graph I(n, j, k) in the following manner: the vertices of the
outer rim are consecutively labeled by i, i + k, i 4 2k, ... and the vertices of the
inner rim are labeled by i, i+ j, i+2j, .... All of labels are computed modulo
n. Notice that the vertex uq is adjacent to the vertices u;, u,—; and vq in inner
and outer rims, respectively. On the other hand, the vertex vy is adjacent to the
vertices Vg, v,—x and ug in outer and inner rims, respectively. Therefore,

¢ = cire(0,0,...,0,1,0,0,...,0,1,0,0,...,0),
N—— N——_——
k times k—1 times
! = cire(0,0,...,0,1,0,0,...,0,1,0,0,....,0),
— ———
J times j—1 times

which complete the proof.
O

Lemma 2.4. The eigenvalues of circulant matrix C'; associated to the inner rim

and the circulant matrix C} associated to the outer rim can be calculated as

A= 2cos(¥) and W, = ZCOS(¥), respectively.

Proof. The proof follows from this fact that the eigenvalues and eigenvectors of

the cycle graph C, are ¢, = 2cos(?Z) and v, = (1,€},..., &!" "), respectively.
O

We are now ready to state one of our main theorem as follows:

Theorem 2.5. The eigenvalues of I(n, j,k) are all roots of the quadratic equa-
tion
P2 — (4 +p)p + A — 1 =0,

2xkr
n

where A, = 2cos(@) and 1, = 2cos(

C; and Cy, respectively.

), 0 <r<n—1, are eigenvalues of

Proof. Suppose d = ged(n,k) and d’ = ged(n, j). We first consider the case that
d =d' = 1. In this case, C} and C7 are the adjacency matrices of a cycle with n
vertices, and so they are similar to C,,. This means that there are two permutation
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matrices P and Q such that P_IC,’jP =C, and Q_IC;’Q = C,. Hence, C}/ and C;’
are containing the same eigenvalues and eigenvectors. Define A, and u, to be
the eigenvalues corresponding to the eigenvector v, = (1,¢€},--- ,e,(l”*”*)f. We
are looking for an eigenvector for A(I(n, j,k)) of the form w, = (a,v,,b,v, ),
0 <r < n-—1, where a, and b, are appropriate multipliers. To do this, we have
to find a number p depending on r such that

3 5]l
I, C/? by, b,
Therefore, a,vrC}’ + b, = pa,v, and a,v, + b,C}'v, = pb,v,. This implies that

ar)l'rvr + by, = pa,vy and so Clr(P - )Lr)vr =b,v, .
a;vy + ,urbrvr = pbrvr br(p - .ur>Vr = a;Vr

Thus, (p —A)(p — 1) = 1. We now consider the case of d,d’ > 1. The

. " "
eigenvectors w, must be the form w, = (ayv,,...,ayv.,byv,,...,bgv,)", where
/ "
/ n'—=1)r " n —1)r / "
Vo= (L,gl, e Iy = (e, el T =2 and " = 2. So, we
have:
[ apv. ] [ apv, ]|
G/ A agv, | 5 agv.
" — "
In CZ blvr blv,
" "
L bav, L barv, |
Therefore,

{ C;’(al —i—...—i—ad)vH— (b] —l—...—i—bw)\/: :p(a1 —i—...—l—ad)v’,
(al +.. .+ad)v’r+C,’c’(b1 +... —I—bd/)vlrl = p(b1 +.. .—%—bw)v: ’
which concludes that (p — A,)(p — ) = 1.

Next suppose that d > 1 and ' = 1. Then w, must have the form w, =
-1 ’ ’71
(alv;’ T ,adV;,Vr)t, where Vr = (1781:’ te 787(ln )V)t’ Ve = (1581:) cee 78r(ln )’)t
n

and n’ = 4. Then a similar system to the two above cases will be obtained
and finally we have p? — (A, + ,)p + A, — 1 = 0.
O

Corollary 2.6. The eigenvalues of I(n, j, k) are given by

271 27k 271 2mkr\\?
cos( njr>+cos< i r>i\/<cos< ﬂjr)—cos( i r)) +1,
n n n n

0<r<m-—1.
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We now represent the spectral moments of I(n, j, k) by using of their eigen-
values. It is well-known that the k — th spectral moment of G is equal to the
number of closed walks of length k. The following result will be used in com-
puting the spectral order of /—graphs.

Lemma 2.7. (See [6, 8]) For every graph G, we have:

(1) $4(G) = 2¢(P)+4¢(P3)+8¢(Cy),
309(C3) + 109 (H1) +109(Cs),
(3) S6(G) = 20(P2)+120(P3) +6¢(Ps) +12¢(S4) + 129 (H>)

+ 360 (Hs)+24¢(Hy) +24¢(C3) +48¢(Ca) +12¢(Cs),
(4) S7(G) = 126¢(C3)+84(])(H1)+28¢(H7)+14¢(H5)

+ 149 (Hs) + 112¢(H3) +42¢ (H)s) +28¢ (Hs)

+ 709(Cs) +14¢(Hs) + 14¢(C7).

—~

=
ool

W
Q
I

Lemma 2.8. The spectral moments S>(I(n, j,k)) and S3(I(n, j,k)) can be com-
puted by the following formulas:

4n 3ln, k=j=23%
Sa(I(n, j,k)) =6n and S3(I(n,j,k)) =4 2n 3|n, j=Fo0ork=1%,
0  Otherwise

Proof. 1t is easy to see that |E(I(n, j,k))| = 3n. Therefore, S>(I(n, j,k)) = 6n.

Suppose 3 | nand k = j = 5. Then uilliy 1 Uy, 2015 18 @ triangle in inner rim. Also
R 3

ViViiaVi mVi is a triangle in outer rim. Thus = Z* and so, S3(I(n, %, %)) = 4n.
If j = % and k # 3, then there is only one of the triangle for any vertex and so
t = 3. Thus, S3(I(n, j, %)) = 2n. Otherwise, there are not any cycle of length 3
in I(n, j,k) and so S3(I(n, j,k)) = 0.

O]

Lemma 2.9. The spectral moment S4(I(n, j,k)) is computed by the following
formula:

38n k=j
} O2n 4|n k=j=14
Sa(l(n, k) = 32n 4{n '—ﬂor4k—4 ’
»J =g =3

30n Otherwise

Proof. We first assume that j = k. Choose vertices u; in the inner rim and v; in
the outer rim. Then u;v;v; xu; xu; is a quadrangle and so ¢ (C4) = n. On the other
hand, there exists a path of length 3 corresponding to each pair of edges attached
to a vertex. Hence, ¢ (P;) = 6n, ¢ (P,) =3n. Thus, S4(I(n,k,k)) = 6n+24n+8n
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= 38n. We now assume that k = j = 7. Then, Uil Ui Uy 30 U is a quadrangle

i+3

in the inner rim and viv; 2vi 1y, Vi is a quadrangle in the outer rim. Since

J =k, ujviviiguipu; is a quadrangle in I(n, j,k). Therefore, ¢(C4) ititn
=& and so S4(I(n,,5)) =6n+24n+12n=42n. Let j = 7 and k # §. Then

¢(C4) 4. and so S4(I(n,;,k)) = 6n+24n+2n = 32n. Otherwise, ¢(Cy) =0,

o(P;) = 6n and ¢ (Py) = 3n. Therefore S4(I(n, j,k)) = 30n.

O

Lemma 2.10. The spectral moment Ss(I(n, j,k)) is computed by the following
Sformula:

2 (5| j= kg AL 2N or (5]nj= 2k {1,2))
10n (k=2j,j¢{5,5}) or (2]n, :2r,k:§—r)
or (24n,j=2r+1Lk="51—rir>1
60n 3|n,k:':%
SS(I(naj>k)): 20n 3|”7k:%aj§é %a%%?%}
22n (15|n,]:%andkzgork:%and]:%)
24n 5|n,k:%,]:2?”
30n 6|nk=75,j=fand jk¢ {53
12n 10‘”7.]:1%71625
0 Otherwise

Proof. We first consider the case that 5 | n and j = k = %. Then for each vertex
u; in the inner rim and each vertex v; in the outer rim, Uitk 1 Uy 20Uy 3n Uy y sl

and vivip2v;, 20V, 3V, 4 V; are two pentagons in the inner and outer rims, re-

i+2Vip 3 Vipdn
spectively. Thus ¢(C5) 5+35= 2” . Since I(n, j,k) does not have a triangle,
¢(C3) = ¢(H;) =0, and so S5(I(n ,5,5)) 4n. Similarly, if j =k = 2, then
uul+2nul+4nu+6nu+8nul and ViV, 2V, iV, eV; | s Vi are pentagons 1nl(n J.k).

Thus, ¢(Cs) =2+ % =2 and Ss(I(n, 2, 25")) 4n.

Suppose j = 5 and k ¢ {%,22}. Then ¢(Cs) = £ and so Ss(I(n ,S,k))
2n. Similarly, Ss5(I(n, %,k)) = 2n. We now assume that k =2j and j ¢ {%,%
Hence for each vertex v;, viviy jviyojuiyojuivi is a pentagon in I(n, j, k), and so
¢(Cs) = n. Thus, Ss(I(n,j,2j)) = 10n. Let r > 1 be an integer. Choose an
arbitrary vertex v;. If 2|n, j=2r,k=2%—r)or 2{n, j=2r+1,k=" —7),
then viviy juiy jit j ki j42kVvi 1S @ pentagon in I(n, j,k). Thus, ¢(Cs) = n and
Ss(I(n,j,k)) =10n.

Suppose that 3|n and j =k = %. Then ¢(C3) = 2 and ¢ (H,) = 2n. Also for
each vertex vj, vivi nu;y1u i 2 UiV and ViVipallipni; +2nv | 2V; are pentagons in

I(n, j,k). So, (Cs) = 2n and therefore, Ss(I(n,%,%)) = 20n—|—20n+20n 60n.
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Let 3|n, k=% and j ¢ {5,%,5, 2”}. Then it is easy to see that ¢(C3) = %,
¢ (Hy) =nand ¢(Cs) = 0. Thus S5(I(n, j,5)) = 20n.

If 15|n, (j = g‘ and k =3) or (j= % and k = 2") then ¢(C3) = 5, ¢(Hy) =
n and ¢(Cs) = . Therefore, S5(I(n,5,%)) = 10n+10n+2n = 22n. Let 5 | n,
k=1 and]—zn Then ¢(C5) 12 and so Ss(I(n ,2,2")) 24n.

If6|n k=7%and j= then 0(Cs) =n, ¢(C3) 5 and ¢(Hy) = n. ThlS
implies that S5( (n,5,8)) = 30n Let 10 | n, k = {5 and j = %, then ¢(Cs) =
and so Ss(I(n, 5, {5)) = 12n. Otherwise, ¢(Cs) =0, ¢(C3) = 0 and ¢ (H,) = 0.
Therefore Ss(I(n, j,k)) = 0. This completes the proof.

O]

Lemma 2.11. The spectral moment Se(I(n, j,k)) is computed by the following
formula:

‘ .
282n ]:k7 k¢{%uﬂpg
286n (6‘n,k:j:%)or(3|n,k:J:%)
366n 4|n,k:j:%
200n (12‘1’1,]{:%, ]:%) or(12|n,k:%’ ]:%)

190n 6|n,k:%,j:%
186n (k=3j,j§{%a%7n%
6 6

S6(I(n>]7k)): 176n (6"17]: 7k¢{ 7%7% 7”7&18)
or(3|n,j=%,k& {5, %}
198n (4|n, j=%k¢ {5 E}n#12)
or (5|n,j="%k=2)or (10| nk=3j,j=1%)

188n (6]nk=75,j=5)or(6|nk=g =)
210n 4| nk=
174n  Otherwis

Proof. Tt is easy to see that ¢(Py) = 12n, ¢(S4) = 2n and ¢(H3) = ¢(Hs) = 0.
We first assume that j = k. Then ¢(Cs) = n and ¢(H,) = 4n. Also for each
vertex vj, Villilti4 jUi+2jVit2;Vit jvi is a hexagon in I(n, j, k). Thus ¢(Cg) = n and
Se(I(n,j,j)) =6n+72n+72n+24n+48n+48n+ 12n = 282n.

Suppose 6 |nand j =k = g, then ¢(C4) =n and ¢ (H>) = 4n. Choose vertices
u; and v; in the inner and outer rims, respectively. Then ViVig 2V mVi sV an
i+ i 2 Uy n iy anly ) sl is a
hexagon in the outer rim. Also there is a hexagon of the form vjv; sv;, ey

v.. s v; 18 a hexagon in the inner rim and Uillin it
6

'+2(:1
iy ;v Thus, ¢(Co) = 4—” and so, Se(I(n,§,¢)) = 6n+72n+72n+24n+
48n+48n+ 16n = 286n. Let 3|nand j=k= 5. Then, ¢(F) = 10n, ¢(C3)
= %", O(H,) = 2n, ¢(C4) = n and ¢(Hz) = 4n. On the other hand, we can

correspond a hexagon vivi 1 v;, antt;, 201 1u;; to each vertex of I(n,j,k). So,
3 3
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¢(Cs) =nand Sg(I(n,5,5)) = 6n+72n+60n+24n+48n+16n+48n+ 12n=
286n.

Next we suppose that 4|n and j =k = 4. Then, ¢(Cy) = 37" O (Hy) = 6n
and ¢(Cs) = 4n. Thus, S6( (n ,4,4)) =6n+72n+72n+24n+72n+72n+
48n=366n. If 12|n, j = % and k = %, then ¢(Cy) = §, ¢(H2) = n, ¢(C3) =
¢(Py) = 11n. Thus, Se(I(n,3,5)) = 6n+72n+66n+24n+ 12n+8n+12n =
200n. In the case that 12|n, j = % and k = ¢, we have ¢(Cy) = §, ¢(Ha) =
n, §(Cs) = ¢ and so Se(I(n, %, %)) = 6n+72n+72n+24n+ 12n+12n+2n
= 200n. If 6|n, j = ¢ and k = %, then there are § hexagons in the inner rim
and for each vertex v;, ViVipnV;, %n Uit Uiy 2 Uy Vi is a hexagon. This implies that

0(Co) =g +n= %" Since ¢(Cy4) =0, ¢(H2) =0, ¢(P4) = 11n and ¢(C3) = %,
Se(I(n,g,5)) = 6n+72n+ 66n+24n+ 8n+ 14n=190n.

Suppose k = 3j. Then for each vertex v;, vivii jviy2;viy3jltis3juivi is a
hexagon in I(n, j,k), and so ¢(Cs) = n and ¢(C3) = 0. Hence S¢(I(n, j,3)))
= 6n+72n+72n+24n+12n = 186n. Also, if 2 | n and k = § — j, then
Willjn— jVign jVipnVipny oy i is a hexagon in I(n, j,k) and so ¢(Cs) = n
and S¢(I(n, j,5 — j)) = 6n+72n+72n+24n+ 12n = 186n. If 3|n, j = 5 and
k¢ {5,% ¢} then ¢(C3) = § and so Se(I(n, 5 ,k)) = 6n+72n+ 66n +24n +8n
= 176n. If 6|n, j =g and k ¢ {5, 7,5}, then ¢(C3) = 0 and ¢(Cs) = §. So,
Se(I(n, g,k)) = 6n+72n+72n+24n+-2n = 176n.

We now assume that 4|n, j =% and k ¢ {4, £}. Then, ¢(Cs) = 7, ¢(Cs) =0,
¢(C3) =0and ¢ (Hz) =n. So, S¢(I(n, §,k)) = 6n+72n+72n+24n+12n+12n
=198n. If j =z and k = 2—” , then for each vertex v;, there are two hexagons of

the forms ViVip s Vil ul+4n Vipdnlli and ViVig sl 2ty vl+znv anVi. Thus

0(Cq) =0, ¢(Cs) =2n and so Se(I(n ,’5’, <)) =198n. If j = {5 and k = ?8, then
it is easy to see that ¢(Cs) = 2n and so S6( (n,2,34)) = 198n. If j = % and
k =% then, ¢(Cs) = n and ¢(C3) = §. Thus, Sg(I(n,5,5)) = 6n+66n+72n+
24n+8n+ 120 = 188n. If j = {3 and k = § then ¢ (Co) = ntg= 2 and so
Se(I(n, g, 1)) = 6n—|—72n—|—72n—|—24n+14n— 188n. If j = {5 andk % then
¢(Cs) =n, ¢(C4) = § and ¢(Us) = n. Thus, S¢(I(n,§,{5)) 6n—|—72n+72n+
24n+12n+ 12n+ 12n = 210n. In other cases, ¢(Cs) =0, ¢(C3) =0, ¢(H>) =
n and ¢(Cy) = 0. Therefore, Se(I(n, j,k)) = 6n+72n+ 72n+ 24n = 174n. This

completes the proof.
O

Lemma 2.12. The spectral moment S7(I(n, j,k)) is computed by the following
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formula:
( . n 2n 3n
4n (k:]:7 or(k:]—7)0r(k—]:7)
(k=Y ork= ork=% and j¢ {3.3))
é72n (k’:Z] %zor(k—7,j— Iy or (k=2 j=3n)
d4n 3 |nk=j=3
112n (S|nk=j=%)or(5|nk=j=2)
322n k=73,j=7%
168n (k:%?.]¢ {%7%7%}) or (k:%,]:%)
196n (k= 5J= %)or(k: 5= ZSJ) i
=it G b o= ¢ (5059)
or :Z,‘]Zg
336n k=1, j=2%2
5 5
S5 (I(n, j,K)) = 140n  (k=2j)or (2|n,j=2rk="5%—r
TR LR = or (2 j=2r+Lk="5"r r>1)
1Sn (k=tj=fork=5=%)
170n (kz%,{:%)or(k:?:,ng)or(k:id':%’)l
R Il Yl
(k=7,j=F)or(k=73,j=13) orlk=3,j = ;)
o == Ror=gi =@ or k=i
42n k=%,j= or(k=%42,j=12
14n  (k 4 ¢2€ﬂ@245ﬂ) 1(()21<—3' #22
MEQF S G o @oin2)
182n (kzzg’J.ZI,?)or(k Lj=for(k=%j=%)
56n k:?,_]zw . .
142n (k=135,j=q3) or(k=%,j=13)
[ O Otherwise
Proof. Weﬁrstassumethatﬂnandk j=5o0rk= j— ork j—3—" Then

¢(C7) = 5 and so S7(I (n J,k)) = 4n. Suppose k = 5 or k =Z ork= ¥ and
&5 5} then ¢(C7) = % and so S7(I(n, j,k)) = 2n. Ifk s andJ =%, then
it is easy to see that ¢(C7) = 182, ¢(Cs) = n and ¢ (H3) = 5n. So, S7(I(n, j,k))
= 70n—|—70n—|—32n=172n
If 3jnand k = j = 4, then 9(Cs) = %, 9(Cs) = 21, 9(His) = 10n, ¢ (Hy) =
2n, ¢(Hs) = 2n, ¢(H6) 4n and ¢(H15) 2. So, S7(I(n, j.k)) = 84n+168n+
56n +28n+28n + 140n + 140n = 644n. If S|n and k = j = 3, then ¢(Cs) =
(Hi) = 2n and ¢(C7) = 4n and hence S7(I(n, j,k)) = 28n+ 28n + 56n
= 112n. Moreover, if k = 5 and j = ¢ then ¢(C3)=5%, ¢(H)) = n, ¢(Hs) =
n, §(He) = 2n, ¢(Cs)=n, ¢(H1s) = Sn and ¢(C;7) = n. Thus, S7(I(n, j,k)) =
42n + 84n + 14n+28n+7()n+70n+ 14n=322n. If k=5 and j ¢ {5,5,%}
then ¢(C3) = 5, ¢(H;) = n, ¢(Hs) = n and ¢(Hg) = 2n and so S7(/ (n J.k)) =
42n+ 84n + 14n +28n = 168n. We now assume that k = 5 and j = {;. Then
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0(Cs) = 65" ¢ (Hig) = 6n and s 57( (n,j,k)) = 84n+84n— 168n.

Ifk="%and j="2orj=72, then ¢(C3) =4, ¢(Cs) =2, ¢(Hy) =n, ¢(Hs)
=n, ¢(H5) =n, ¢(H6) =2n and so S7(I(n, ],k)) 42n + 84n + 14n + 28n +
14n+14n=196n. If k=% and j ¢ {5, %,%,5}, then ¢(C5) zand ¢ (Hyg) = n.
Hence, S7(I(n, j,k)) = 14n+14n=28n. If k = % and j = Z then ¢(Cs) = 122,
O®(Hy3) = 12n and so S7(I(n, j,k)) = 168n+ 168n = 336n.

Suppose k = 2j. Then ¢(Cs) = n and so S7(I (n J,k)) = 140n. Similarly if
(2|n,j=2rk=%5—r)or (2)(11 j=2r+1,k="51—r) forr>1,8,(I(n,jk))
=140n. If k=7 and j = g, then ¢(Cs) = n, ¢(H;3)=5n, and ¢(C7) = n, which
implies that S7(I(n, j,k)) = 70n+70n+ 14n = 154n. In a similarly way, if k = %
and j = 3 then it is easy to see that S7(I(n, j,k))=154n. If k=2 and j = %, then
0(Cs) =2, (Hy) =n, (Hs) =n, ¢ (He) = 2n.and (C7) = &. Thus, Sy(I(n, j,))
=42n+ 84n+ 14n + 28n+2n = 170n. Similarly in the case that (k = % and
Jj=3)or (k== and j = %) one can see that S7(I(n, j,k)) = 170n.

We now assume that k = % and j = 5. Then ¢(Cs) = %, ¢(Hg) = n and
¢(C7) = ThlS shows that S7( (n, ],k)) =14+ 14n+ 2n = 30n. In a similar
way, 1fk— s and j=7,k=1% and]— or k= and]— 22 then we have

S7(I(n, j,k)) =30n. Ifk="2and j = 2"8 or k= ﬂ andj—— ork_%" and
j =322, then it is easy to see that ¢(C7) = % and we have S7(I(n, j,k)) = 16n.
Next we assume that j = 55 and k = 5. Then ¢(C7) = n, ¢(Cs)=5 and
¢(Hg)=n. This implies that S7(I(n, j,k)) = 14n+ 14n+ 14n = 42n. If j= 2%
and k = %, then by a simple check we have S7(I(n, j,k)) = 42n. If k =4 and
jg{s.%, %, 5,5 1, then one can see that ¢(C7) = n and so S7(I(n, j,k)) = 14n.
Similarly if 2k = 3, then ¢(C7) =n and so S7(I(n, j,k)) = 14n. If j = {5 and
k=% then ¢(C7) = n, ¢(C3) = 5, ¢(H1) =n, ¢(Hs) = n and ¢(Hs) = 2n. So,
S7(1 (n ],k)) 42n+84n+ 14n + 28n+ 14n = 182n. One can easily prove that
if j=g5and k=73 5 or j= 2" and k = 5, then we have S;(I(n, j,k)) = 182n. If
k=1 and j =%, then ¢(C7) 2n, ¢(C5) 5 and ¢(Hyg) = n, which 1mp11es
that S7(I(n,j,k)) = 14n+ 14n+28n = 56n. In the case that k = 7 and j = 1;, we
have ¢(Cs) =n, ¢ (H;3) =5n and ¢(C7) =%. Thus S7(I(n, j,k)) =70n+2n+70n
= 142n. Similarly if k = 37" and j = 14, then S7(I(n, j,k)) = 142n. Otherwise,
¢(C5) =0, ¢(C7) =0, (])(C3) =0and so S7( (n,],k)) =0.
O

We are now ready to order all of the /—graphs with respect to spectral mo-
ments in an S—order.

Theorem 2.13. Let 3 | n and G ={I(n,j,k): jk#5}. Then G <5 Gy <s
I(n,%,5). where Gy = {I(n,5,k) 1k # 5 }.

Proof. Apply Lemmas 2.9—2.12. Since number of edges in I(n, j,k) is 3n, we
have to consider the number of triangles. Suppose G € G and Gy € G;. Then
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Si(G) = Si(G1) = Si(I(n,5,%)), i =0,1,2, $3(G) < 83(G1) < $3(/(n,3,5))-
Thus, G <5 G1 <s1(n,%,%). This shows that G <5 Gy <s(n,%,%), as desired.

Theorem 2.14. Suppose 31 n. Ifnis odd and G = {I(n, j.k): j#k, j,k < Tl
then G <s G, where Gy = {I(n,k,k) : k <"1} If4 | nand G = {I(n, j, k) :
kand j,k# 5}, then G <5 Gy <5 Gy <s1(n ,4,4) where Gy = {I(n,k, %) :k# %}
andgz—{l(nkk) k#%}

Proof. We first assume that n is odd. Let G € G and G, € G,. Then S4(G) =
307 and S4(G») = 38n. So, Si(G) = Si(G»), i = 0,1,2,3, and S4(G) < S4(G»).
Thus, G <5 G and so G <5 G». Now we let4 | n, G€ G, G, € G, and G| €
Gi. Then S4(G) = 30n, S4(G1) = 32n and S4(G2) = 38n. Hence, S;(G) =
S,‘(Gl) S(Gz) S(I(I’l,4,4) i=0,1,2,3, andS4( )<S4(G1)<S4(G2)<
Sa(I(n, 5, %)- ThlS shows that G <5 G| <5 G2 <s I(n,%, %) and hence G <
G1 <5 G2 <sI(n, %, %), proving the theorem.

OJ

Theorem 2.15. Let 3 | n. If nis odd and G = {I(n, j,k) : j # k and j,k # 5}
then G <s G1, where Gy = {I(n,k,k) : k # 5}. If 4|n and G = {I(n, j,k) : j #
kand j.k & {5,5}}, then G <5 Gy <5 G1 <s1(n, 5, %), where Gy = {I(n,k, )
k¢ {5,541} and Gy = {I(n,k,k) : k & {5,5}}.

Proof. Suppose n is odd, G € G and G| € G;. Then S3(G) = S3(G;) =0,
S4(G) =30n and S4(G;) = 38n. So, S;(G) = Si(G1),i=0,1,2,3, and S4(G) <

). Thus, G <5 G; and so G <5 Gi. If 4|n and G, € G, then S;(G) =
S,'(Gl) Si (Gz) S; (1( ,4, 4)) fori=0,1,2,3 and S4(G) < S4(G2) < S4(G1)
< S4(I(n,§,4)). Thus, G <5 G2 <5 G| <s I(n ,4,4) and so G <5 G» <5 G1 <s

O]

Theorem 2.16. Suppose n is even such that 3 { n and 4|n. Then,
L If5inand G ={I(n, j.k): k& {j,2j} and jk ¢ {2,%,4}}, then

2n
G <5G2 <5 Gi <s1(n, <s1(n, ?)7

n

5’
where Gy = {I(n, j,2j),1(n,2r,5 —r),r > 1 and j # {5,5}} and Go =
{1(n.k,5),1(n,k, %) ¢k¢{§,25",2}}-

2. If5tnand G ={I(n,j,k) k¢ {j,2j} and j.k # %} then G <s G1, where
Gr=A{1(n,j,2)),A(n.2r,5 —r) j# F,r = 1}

'5 10>
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Proof. Let G € G, G; € Gy and G, € G,. Then S5(G) 0, S5(Gy) =
Ss(Gz) = 2n. So, Si(G) =35 (Gl) = S( ) ( (n,%,l%)) = S,‘(I(I’l,
i=0,1,2,3,4,and S5(G) <S5(G2) < 85(G1) <Ss(I(n %,1%)) < Ss(I(n, 55
Thus, G <5 G <s Gy <s I(n,2,%) <s1(n,%,%). We now assume that 5{ n,
G € Gand G; € G;. Then S;(G) = Si(Gy),i=0,1,2,3,4, and S5(G) < S5(G).
So, G <5 G; which implies that G <5 Gj.

Theorem 2.17. Suppose 12|n. Then the following are satisfied:
L IfSinand G = {I(n,j.k): j ¢ {k,2k} and j,k ¢ {%,%,2,22}}, then

n n
G <5 G2 <5 Gi '<Sl(nagaﬁ) <s1(n,

U'\g’

n
57

Wheregl_{l(n ]72]) ( 7’21") I’Zl,]%{%,%,% ?n}}andgz
{1(n,,5),1(n., %) : JeZ{% D5

2. If5tnand G={I(n,jk) k¢ {j,2j} and j,k#{5,5}} then G <5 G,
where Gy = {I(n, j,2j),I(n,5 —r2r): j# %,r > 1}.

(n,,k) : j & {k,2k,3k},k # % — j}. Also,
when 4|n we assume that G % {I(n,k, ) : k # 3} and when 10 | n we
assume that G % {I(n,k,5),1(n,k, 2") I(n,k, {5) + k # {5, 2"}} Then,
G <s Gi, where Gy = {I(n,k,3k),I(n,j,5 —j) 1k, j ¢ {%,5, }}

4. Suppose 6 | n and G = {I(n, j,k) : j,k & {5, ¢}k & {/,2),3),5 —Jj}}
When 4|n we assume that G % {I(n,k, %) : k # 4} and when 10 | n we
assume that G % {I(n,j,2),1(n, j,%2),1(n,j, %) : j # {%,%}}. Then
G <5 G1 <s Go, where Gy = {I(n,j, %) 1 j ¢ {5,553 2—”4 } and G, =
(.30 0.5 =) J 5.5 52,8

Proof. Suppose G € G, Gy € G and G, € G,. If 0 <i <4 then S;(G) = S;(G)) =
Si(G2) = Si(I(n, 2, 1"0)) Si(I(n,2,%)) and S5(G) < S5(G>) < S5(G1) < S5( (
n,%,15)) < Ss(I(n,%, 5)) So, G <5 G2 —<s G <sI(n ,5,10)) =<s1(n,z, 5)
which proves that G <5 G <5 G1 <5 I(n,5,15) <s I(n,5,% 2n) A similar argu-
ment as Theorem 2.16 will prove the second part of this theorem.

We now assume that G € G and G| € G. Then S4(G) =30n and S5(G) = 0.
We have to count the number of closed walk of length 6. Suppose that G| € G;.
Then S¢(G) = 174n and S¢(G;) = 186n. If i=0,1,2,3,4,5, then S;(G) = S;(Gy)
and S¢(G) < Se(G1). Thus, G <s G; and therefore G <g G, proving the result.

Finally, we assume that G € G, G| € G and G, € G,. Then Se(G) = 174n,
S6(G1) = 176n and S6(G2) = 186n. Hence, S,‘(G) = Si(Gl) = Si(Gz), 0 S i S 5,
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and S¢(G) < S6(G1) < S6(G2). Thus, G <5 G| <5 G, and therefore G <5 G| <
Gy. This completes our argument.
O

Theorem 2.18. Suppose 6|nand G ={I(n, j,k):k¢{j,2j,3],4J, 3—2]} and j,k ¢

565,77 . We also assume that when 4|n, G 2 {I(n,k, ) 1k # 4} and
when 10 | n, G % {I(n, j,%),1(n, j,%),1(n, j,{5) : j # {%,%}}. Then G <s
G <s Ga <5 G3 <5 G4, where

Gr = {100 g, 20000, 200, 2 (5,0 0 200 2 Sy
Gr = {i(n 400 ) g (om0 0,

G = {I(n 5,500,105, 50, 00m 2 S0,

Gi = {10,530 07 200

Proof. Let GG, G €G1,G, € Gy, G3 €G3 and G4 € G4. If 0 < i <6, then
S,‘(G) = S[(Gl) = S,‘(Gz) = Si(G3) = S,‘(G4), and S7(G) < S7(G1) < S7(G2) <
S7(G3) < S7(G4). Therefore, G <5 G| <5 G2 <s G3 <5 G4. This implies that
g s Ql <5 gz <5 93 <5 g4, as desired.

[

Acknowledgements

The research of the authors are partially supported by the University of Kashan
under grant no 364988/200.

REFERENCES

[1] M. Boben, T. Pisanski and A. Zitnik, I-Graphs and the corresponding configura-
tions, J. Combin. Des. 13 (2005) 406-424.

[2] B. Cheng, B. Liu and J. Liu, On the spectral moments of unicyclic graphs with
fixed diameter, Linear Algebra Appl. 437 (2012) 1123-1131.

[3] D. Cvetkovi¢, M. Doob and H. Sachs, Spectra of Graphs - Theory and Applica-
tions, Academic Press, New York, 1980.

[4] D. Cvetkovi¢ and P. Rowlinson, Spectra of unicyclic graphs, Graphs Combin. 3
(1987) 7-23.



ON SPECTRUM OF I-GRAPHS AND ITS ORDERING WITH RESPECT ... 75

[5] R. Gera and P. Stanicd, The spectrum of generalized Petersen graphs, Australas.
J. Combin. 49 (2011), 39-45.

[6] S.Li, S. Hu, On the spectral moment of graphs with given clique number, Rocky
Mountain J. Math. 46 (2016) 261-282.

[7] X.-F. Pan, X. Liu and H. Liu, On the spectral moment of quasi-tree, Linear Alge-
bra Appl. 436 (2012) 927-934.

[8] X.-F. Pan, X. L. Hu, X. G. Liu and H. Q. Liu, The spectral moments of trees with
given maximum degree, Appl. Math. Lett. 24 (2011) 1265-1268.

[9] F. Taghvaee and A. R. Ashrafi, Ordering some regular graphs with respect to
spectral moments, submitted.

[10] Y. Wu and H. Liu, Lexicographical ordering by spectral moments of trees with a
prescribed diameter, Linear Algebra Appl. 433 (2010) 1707-1713.

FATEMEH TAGHVAEE

Department of Pure Mathematics, Faculty of Mathematical Sciences,
University of Kashan, Kashan 87317-53153, I. R. Iran

e-mail: taghvaeil9@yahoo.com

ALI REZA ASHRAFI

Department of Pure Mathematics, Faculty of Mathematical Sciences,
University of Kashan, Kashan 87317-53153, I. R. Iran

e-mail: ashrafi@kashanu.ac.ir



