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Position x = x(t)
Velocity v = v(t) = X

Acceleration a= a(t) = X
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We will illustrate this discussion by applying it to the interaction of radio waves with elec-
trons in the 1onosphere, resulting in the reflection of radio waves from the ionosphere. The
ionosphere is a region that surrounds Earth at a height of approximately 200 km (about
125 miles) from the surface of Earth. The ionosphere consists of positively charged ions and
negatively charged electrons forming a neutral gas. When a radio wave, which is an electro-
magnetic wave, passes through the ionosphere, it interacts with the charged particles and ac-
celerates them. We are interested in the motion of an electron of mass m and charge —e imitially
at rest when it interacts with the incoming electromagnetic wave of electric field intensity E,
given by

E = E;sin(wt + @)

where  1s the oscillation frequency in radians per second of the incident electromagnetic wave
and ¢ is the initial phase. The interaction results in a force F on the electron given by

force F on the electron F = —¢E = —eE,sin(wt + ¢)
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Comparing Eq. (2.19) for F with Eq. (2.24) for x, it becomes quite clear that the oscillat-
ing part of the displacement x is 180° out of phase with the applied force that results from the
electric field of incident electromagnetic waves. Ordinarily, in a dielectric at low frequencies,
the charges are displaced in the direction of the applied force, resulting in the polarization of the
charges in phase with the applied force. In such situations, the resulting dielectric coefficient of
the material is greater than 1. In the case of the ionosphere, it can be shown that the resulting
polarization is 180° out of phase with the electric field; hence the dielectric coefficient of the
ionosphere is less than 1. This result has two consequences.

1. The phase velocity v of electromagnetic waves in the ionosphere is greater than the speed

of light c.
2. The refractive index of the 10nosphere for incoming electromagnetic waves is less than the
refractive index of the free space from where the waves are coming {the incident medium,

which 1s a vacuum in this case).
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Figure 2.1 Reflection of radiowaves
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A block of mass m 1s initially at rest on a frictionless surface at the origin. At time
t =0, a decreasing force given by F = FOexp(-At), where A = 0.5 is positive and less than
1, is applied. Calculate x(t) and v(t).

vl tl
: -Aatl) -1
m+d—VIFU-e-l'I [ | dv= (E‘E).e'“dt v1=4FU-(exp( Atl) - 1)
dt 0 m (A-m)
0
! B (exp(- A-t1) + A-tl - 1
J 1 dx= _FG_(exp(~3..t)_ 1) dt x1=F0. exp(- )+ - 1)
0 (Am) (lz-m)
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Exercise 2.1: A particle of mass m is at rest at the origin of the coordinate system. At t = {}, a force

F=F(1— te™)

is applied to the particle. Find the acceleration, velocity, and position of the particle as a function of time.
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Figure 2.6 Particle of energy Eina
gravitational potential V(x) versus x.
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MOTION UNDER A LINEAR RESTORING FORCE
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Figure 2.5 The solid curve corresponds to a potential function V(x), and EO,
El, .. ., are different energies of a particle moving in such a potential.



: The particle is in stable equilibrium.
: The particle moves between the turning points x, and x;.
: The particle moves between the turning points x, and x; with changing velocity. While

moving between the turning points X, and x7, the particle has constant velocity and hence

e

is in the region of neutral equilibrium. The particle can also exist in the region for x > x}".

: When a particle with this energy is at x;, it is at a position of unstable equilibrium. It can

also move in the valley on the left with a motion similar to that of a particle with energy
E,. Once it starts moving to the right, it keeps on moving, first with increasing velocity to

Fit

x, and then with constant velocity up to x5’

: A particle with this energy can move anywhere. When passing over the hills, it slows

down, while over the valleys, it speeds up, as it should.



In general, we can express the potential U(x) in a Taylor series about a
certain equilibrium point. For mathematical simplicity, let us assume that the
equilibrium point is at x = 0 rather than x = x, (if not, we can always redefine
the coordinate system to make it so). Then we have

U = U, + x( 22 yE(EU) 2 (dU)
X dx )y 20\ ax? Jy | 31\ dx® )y

U, at x = 0 is simply a constant that we can define to be zero

al ey :
— | = 0 Equilibrium point
0

dx
x? [ d?U x? (d*U
f - + —— |
L ) QI(dx?)ﬂ 3:(dx3)ﬂ+
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Near the equilibrium point x = 0, the value of x is small,

x2(d?*U
b Ulx) = o \ 2
0

d*U el
— | = 0 Stable equilibrium
dxz 0

aru iy
—— | < 0 Unstable equilibrium
dx 0
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Consider the system of pulleys, masses, and string shown in Figure 2-15. A light
string of length b is attached at point A, passes over a pulley at point Blocated a
distance 24 away, and finally attaches to mass m,. Another pulley with mass m,
attached passes over the string, pulling it down between A and B. Calculate the
distance x; when the system is in equilibrium, and determine whether the equi-
librium is stable or unstable. The pulleys are massless.




U= 0 along the line AB. U= —migx, — mgg(xz + ¢)

-

X = V[(b— x)¥4] — d*
U= —mgx; — mgV[(b— x,)%/4] — d* — myge

equilibrium position (x;)y = x,:

0

(ﬂ) S mog(b — xp) _
° AV - x9)2/4] - a2

dx] 0
4m V(b — x0)2/4] — d* = my(b — xq)
(b — x0)%(4mi — m3) = 16m3d?

» b 4m1d
x{} — —
V‘lm% — m3

2

real solution exists only when 4m$ > m3.



Under what circumstances will the mass m, pull the mass m, up to the pul-
ley B(i.e., x; = 0)? We can use Equation 2.103 to determine whether the equi-
librium is stable or unstable:

d?U — Mg mog(b — x1)*

+
5 a0 - wyva] — @) 16{[ 6 - w)¥a] - a

Now insert x; = x,.

U\ _ gdmi — m3)*
dx? J, 4mid

The condition for the equilibrium (real motion) previously was for 4m > m3,
so the equilibrium, when it exists, will be stable, because (d?U/dx*), > 0.



