


P99 k) — P gw Juad




.
Damped Harmonic motion lj‘-‘ Sl o8 I
Jm\éjﬁ&uo.wS%onngt:gx@SJ}

—ZFsz j> mx = —kx — cx

—CT (o) S
) _ ) c . k
mi 4+ cx +kx =° — m+—ﬂ;m+a$3°
. _c
(S 2 72?77;
w) (= k/m)

)

Py twle=-




term representing the damping force. It does not seem reasonable that the damping
force should, in general, depend on the displacement, but it could be a function
of the velocity or perhaps of some higher time derivative of the displacement. It is
frequently assumed that the damping force is a linear function of the velocity,*

Damping Force = F(X, X, X, ...)

@ Damping Force =—cx , ¢>0



Y w0 yKilgh S 1o Juwil 5o oo J>
T+ Yyz+w,x="°

1
S 4 s b culo bpsd 45 Jomiliny sles
-
” — DT + Y’YD —I—w:]:it}' ~— o (Sji'l""c' ZJ.}LAA
2—_
_dt2 -

D+'y-~\/'y"-—w:] [D+7+\/fy“—wf} = o
L .

T sy ol Ay Jee aniS 0l )13 L S olple faere ] cnl Ole asee Olsa
[.,._Jb J..:;L' a..\.«oT (VYA T .'.J.M (ij.«.a



¢ sles sl e3lgning g X(t) — Ale—(v —Qt Aze—(v +Q)t

q:\/’YT—wI (o9 b (i
SV PR FCPRCN | P

Overdamping: yz > a)g @\HJ\S s q > 01
Critical damping: yz — a)g d\f‘u U'\Jﬁ"“ (53“'3"' qg=-° .11
2 e S sos2se q 111

. 2
Underdamping: Y <@,



(overdamping) (elpweds ki g > © .
X(t) — ’Aie_(Y—CI)t 4 Aze—(y +Qq)t
Sl - Ol 5 93 2
Lyl o0 e 4yl Lol sy ) Av 9 Ay sl
(Y+Q) 5 (v-0) ©slise ol s <ol 55 b I o g5 51 25 >

L 65 o a8 S By o Jlo Sl s sl (elaalr T4 ST om
J)j(jo b ole cunsy 4 u.(’:.....aTd.u S 5o by plo]



(critical damping) (ol (gl (s> ¢ = ° I

g=4y°-0, =0 — yzmozi — iz\/E — c=2/mk
2m 2m m
X(t) _ Ale—(v—Q)t 4 Aze—(VHJ)t

b X(t) — Ale—vt 4+ Aze—vt — ( AL + Az)e—yt — A

s Shes Ubb{DﬂLv*\/v“—wIJ [D+~/+\/'y"—wf]a:=o
L 0@ +me=-

adsl s 5 5B b sddpanin (550 Lol



dslrs >
a5 u=(D+7)x

D+ D+yr= — (D+yu=-

» u=Ae" = (D+7)z —

A =¢e"(D + )z = D(ze™) s.xe’ = At + B

D(xe) = (xe) = 6t oy & o(t) = Ate™™ + Be™



aalex Gl s By A o, SULS cul gs y te™ Yy e o li b5 Juls Ol
slosb &S5 05d by, oS Sl adsl obals 5l as Cabey STl gl 9
o33 L5 YUEF US55 55 5 5e cal 33850 Sk U3le Condy 4 oolne sba 5 c

B Gl ol sl Gl 0l ey Sl
Sloa by oS J 5l adyl plaals




(unerdamping)  (glye xS sospse ¢ IIT
q = \/ V' —w!

sl (ogpgs o Y —w] <o S a2l Se S plaa v et S
Q=77 —0f =y-(0F —1?) =v-1xJoi -y =io,

Y
wdz\/w:—'YT: LA g >0
m  fm'

Lo o Lusl Scnlen b Sl s ol sladolas e g 5 wo




Sl X(t) = Ale—(v—q)t n Aze‘(“q)t
z(t) = Cre~(V—walt | ¢ g~ (vHiwa)t
— e""'yt(c_l_ei“_)dt + Cf_e—’:‘:wdt)
S8l st O, O,
o Gl b ol O 5l e game Olo

Al ke b ol Ll
il SouS, bl g3 O 5 Ch a8 &8 o Ol (35 2

C_T_:C_ Ci:C_{_
g oS b s e | Olga a5 g6



z(t) = e (Cre™ + C_e™™)
AJ::LM.L:.Lom G.j.)}a » z* (t) — 6-—’}ft(cie—iwdt + Oie—l—iwdt) — :{:(t)
t=C.=C

do},a‘j,ob.l&c
Cl=0C,=C"

L a(t) = e TH(Cretwat 4 Cemiat)

A—’if?o
QQJA&:-‘&-"'L:"’G.}':MJ C__ECZYG

C_|_ _ G* — %6—}—'&'90



A
e
A

—e

Y

e_'ft (ée+i(wdt+9°) 4+ ée—i(wdt-}-ﬂa))
Y

. A A
t+0.) _ — Sl
’&(wd ) - -F Cos(wdt - 9::) + 12 Y SlIl(CUdt + 90) AJaeb J° aS JJ‘..J‘ 6‘9\""5

e e il
i(wat+6.) _ %cos(wdt +6.) — iy sin(wgt + 6.) XN LLLS .

sz(t) = e (A cos(wgt + 6.))

dslas Bl e S Wslas PR

C:?‘j_h :> z(t) = e " (Asin(wat + ¢.))



o kS Rl g ol alr adal) O g0l g
Ll o oy s gl ol 3 o s B 50 A sla ol -
ol Kl g U | S Kl g8 dslae oo glis -

b Slegs z = Asin(w.t+ @)

o &S Kiles z(t) = e " (Asin(wqt + ¢.))

spier Sblag ()8 (b o €77 Rk ol o s (V)

Wo & Caul Wy s S Knlen J§JL..,}2 sl ol b Ol G sy Clea (1)



25 ol boe Sialon Silug 1 sl o LasS Sialen Silgoy

Y Y

S PO RSPE Iyg=—=
wg (Wl ="M

2 .2
Oy =405 =Y — 04 <0, - Ty >T



Displacement, x

L
|

=
|

o XS Slo g &S > ls gad —£

The object still oscillates
smusmddlly b X =+ A"

=

\
\/__ R ‘:: Tlme, o /

. but the amplitude decreases x=-Ae™"
within the ‘“envelope” of a

deca}mg exponential.

0 MR-



J‘bﬁ&s QJA‘J&:—O

x{m
1‘ C«\Sﬁ[f.ﬂ.«w y JziE:_AB_ytJQT:AB_TtL!aAJ!W' . (;M. “a 9>
Td » Z N s . -
.5
Td
0~ T : ; " e
04 | T A s S
1
o
G5 i
1
I |




by ey =\
Lboe Sl e (oo boaly (a8 s ply S0

e_yt t — Td: e_de

L] e g8 e =, ¥PYA o bauls v = Ym/c ol s
C _ 4 2m
=-— e'=e' ot=y ="
Ym C
Cl ol 51 (Slo a8 0 S sl o Salen Slug 5l b b ada oba
sl 022 035 5T & adsl €S S GRilag el 35500 sl hi £ 5l plns g &
Wl as adb Sl s ole el 4 Sy 33,50 55w 4 Jole s o oLzl
_}I(_C.-\# (_5:'”:' ‘J}‘:’(j"L)“"",Y:w“ L..JJL-CLASthJ._l)?q .LJ&.JJIJL,S/;—«UGL.:AJIJ&A&

A g pada |y CulS 85k (sl sy



\Awbw". 5=V

Sl aln 93 53 s Ol sh anls Cous

x§m§
1
I T, z(t) = e " (Asin(wgt + 6.))
05+
: T,
-y (1+Tq)
0-4 ; | : B it Ae — uit
\og | \ [ SN 20 Ae—yt
0.5 '




Underdamping

FIGURE 3-6 Damped oscillator motion for three cases of damping.
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Consider a pendulum of length £ and a bob of mass m at its end (Figure 3-13)
moving through oil with 6 decreasing. The massive bob undergoes small oscilla-

tions, but the oil retards the bob’s motion with a resistive force proportional to
the speed with F,., = 2m\/ g/€ (£6). The bob is initially pulled back at ¢ = 0 with § =
a and = 0. Find the angular displacement § and velocity f as a function of time.

Sketch the phase diagram if V g/€ = 10s"!and @ = 1072 rad.

Solution. Gravity produces the restoring force, and the component pulling the
bob back to equilibrium is mgsin 6. Newton’s Second Law becomes

Force = m(£f) = Restoring force + Resistive force

m€h = —mgsin® — 2mV g/€(£6)
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FIGURE 3-13 Example 3.3. The  FIGURE 3-14 Phase diagram for Example 3.3.
bob is moving with decreasing 6.



Check that the force direction is correct, depending on the signs of 6 and §. For
small oscillations sin 8 = 6, and Equation 3.46 becomes

b+ 2Vg/t6 + fe =0 (3.47)

Comparing this equation with Equation 3.35 reveals that w§ = g/€, and B? = g/¥£.
Therefore, w§ = B% and the pendulum is critically damped. After being initially
pulled back and released, the pendulum accelerates and then decelerates as 6
goes to zero. The pendulum moves only in one direction as it returns to its
equilibrium position.



The solution of Equation 3.47 is Equation 3.43. We can determine the val-
ues of A and B by substituting Equation 3.43 into Equation 3.47 using the initial
conditions.

0(t) = (A + Bt)e B!
6(l=0) =a=A (3.43)
6(t) = Be™B' — B(A + Bt)e P!

6(t=0)=0=B— BA

B= BA = Ba (3.48)
0(t) = a(l + Vg/t e Vet (3.49)
() = —8 (o~ Varet (3.50)
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