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More accurately, the resultant motion of two simple harmonic motions at right angles to

each other can result in any one of many graphs. depending on the relative amplitudes
and the phase differences between the two motions: a circle, an ellipse, an oriented

ellipse, or a straight line.
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FIGURE 3-2 Two-dimensional harmonic oscillation motion for various phase angles
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In the _gmeral case of two-dimensional oscillations, the angular frequencies
for the motions in the x- and y-directions need not be equal, so that Equation
3.19 becomes

x(f) = A cos(w,t — f-’r)} (3.27)

y() = B c:}s(m}.t — B)

The path of the motion is no longer an ellipse but a Lissajous curve.* Such a
curve will be closed if the motion repeats itself at regular intervals of time. This
will be possible only if the angular frequencies w, and w, are commensurable, that
is, if w, /o, is a rational fraction. Such a case is shown in Figure 3-3, in which w, = 3 w,
(also a = B). If the ratio of the angular frequencies is not a rational fraction, the
curve will be open; that is, the moving particle will never pass twice through the
same point with the same velocity. In such a case, after a sufficiently long time
has elapsed, the curve will pass arbitrarily close to any given point lying within
the rectangle 24 X 2B and will therefore “fill” the rectangle."
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Closed two-dimensional oscillatory motion (called Lissajous curves)
occurs under certain conditions for the x and y coordinates.



If the angular frequencies for the motions in the x- and y-directions are dif-
ferent, the shape of the resulting Lissajous curve strongly depends on the phase
difference 6 = a — B. Figure 3-4 shows the results for the case w, = 2w, for
phase differences of 0, 77/3, and /2.

Y
x \ / /
wy=20,;6=0 w,=2w,;6=7/3 w,=20,;06=mn/2

FIGURE 34 Lissajous curves depend strongly on the phase differences of the angle é.
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To determine the path or the trajectory of the particle we eliminate ¢ and express z in terms of x

and y. The result is 7 = le _|_ sz
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then the path of the mass m in space is closed, and the motion is periodic. If (n,,
n,, n,) are chosen so that they have no common integral factor, then the period of
the motion 1s

2 2nn

sl i 52 (3.153)

W, W, w,

During one period, the coordinate x makes n, oscillations, the coordinate y makes
n, oscillations, and the coordinate z makes n, oscillations, so that the particle
returns at the end of the period to its initial position and velocity. In the two-
dimensional case, if the path of the oscillating particle 1s plotted for various
combinations of frequencies w, and w,, and various phases 6, and 6, many
interesting and beautiful patterns are obtained. Such patterns are called Lissajous
figures (Fig. 3.28), and may be produced mechanically by a mechanism designed
to move a pencil or other writing device according to Egs. (3.151). Similar patterns
may be obtained electrically on a cathode-ray oscilloscope by sweeping horizon-
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