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This equation is a differential equation that may be solved for u(f#) and hence for (), which de-
scribes the orbit of a particle moving under a central force F(r)r. On the other hand, if the orbit
of the particle is given in polar coordinates r(6), this differential equation may be solved to find
the form of the force law F{(r). A special case is in order. For L = 0, the above equations do not
hold. From Eq. (7.40), mr°6 = L = 0 means that since m # 0, r # 0, therefore, 8 = 0, or
# = constant, which implies the path of the particle 1s a straight line passing through the origin.
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The dependence of total encrgy £ on the variables » and r is similar to the motion of a particle
in one dimension (as discussed in Section 2.5) if we replace x by r, x by r, and V(x) by Vu(r).
Hence the energy diagram method discussed in Chapter 2 can be applied here.
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We shall now apply the energy diagram method, making plots of V, versus r, to the two
commonly encountered force laws: (1) the isotropic harmonic force law, and (2) the inverse-
square force law. The salient features of central force motion can be well understood by first
considering the case of a harmonic oscillator, as shown in Fig. 7.9(a). For this case,

£39 Ry = ke or V() = M
Ler 7Y 7=

1? 1
h Verr (N = Vo (1) + V() = 2 N Ekrz
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Figure 7.%(a) Graphs of V(r), V.,
and V. for an isotropic harmonic force
law.



The plots of V(r), V... and V. are shown in Fig. 7.9(a). V4 has a minimum at r,. For a given
total energy E (greater than the minimum cnergy Ey = [ V(1) ]min)» the particle oscillates between
two extreme values of r, r| = rp, and r, = r., that is, r, < 7 < F. The two points are the
turning points in motion. At these points the radial velocity is zero; that is, r = 0. These turning
points are the roots of the equation [energy conservation, Eq. (7.68)], with r = 0; that is,

2

L
E=Vi)—,—5=0 (7.73)

These two radial distances, r, and r,, define two circles of radii r, and r, about the force center
in the plane of the orbit. And it is the angular motion that restricts the motion of the particle
within these two circles (discussed later).

\/

Energy f

Figure 7.9(a) Graphs of V(7), V..no
and Vg for an isotropic harmonic force
law.
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E <E<O0

Now suppose a particle has energy between £ = 0 and E = E,, say E;, as shown in
Fig. 7.11. The radial motion of the particle will be confined to the values of » = r; = r;, and
I = ry = Iy Lhe points r, and r, are the turning points. Actually, the motion is confined be-
tween the areas of two circles of radi r, and r», as shown in Fig. 7.12. The motion is periodic
with the radial time period T,, which is the time the particle takes to go from r,, to r,,,, and then
back to r,;,. In Fig. 7.12, T, is equal to the time in going from A to B. Furthermore, the orbit
must be such that it 1s tangent to both the circles at the turning points, such as A on the outer cir-
cle and X on the inner circle, respectively. The reason is that at the turning points the radial ve-
locity # must be zero, while the tangential velocity cannot be zero because of angular momen-
tum. As shown in Fig. 7.12, the orbit at A is tangent to the outer circle, and when it reaches X,
it is tangent to the inner circle. The orbit continues and once again becomes tangent to the outer
circle at B. The time it takes for the particle motion to go from A to X and then to B is equal to
the radial time period T,. Note that vector r is continuously changing direction. The time it takes
to turn through 27 angle is called the angular time period T, also called the characteristic time
period or the revolution time period. In Fig. 7.12, to start with, vector r was equal to OA, and
after turning through 27 angle, it is at OA’. The time it takes for vector r to reach OA’ is equal

to the period T,
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V(r)=—>0 , k>0
r

rT - Vi

Let us consider the case of a repulsive force F(r) = K/r* and V(r) = K/r, where K is posi-
tive for repulsive potential. Hence V(r) is positive and decreases monotonically with increasing
r. The resultant effective potential will always be positive; hence there will be no bounded mo-
tion. These points are illustrated in Fig. 7.13. For a given value of L, Fig. 7.13(a) shows the plots
of V..(r) ( = L*2mr?), V*(r), which is a repulsive potential, and V ~ (r), which is of the same
magnitude as V' (r) except that it is an attractive potential. Figure 7.13(b) shows the plots of

2

YVer = V(@)EE ., repulsive force
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Figure 7.13 (a) Plots of attractive potential V= (), repulsive potential V*(r),
and V., ( = L*2ms?) versus . (b) Plots of attractive effective potential V. and
repulsive effective V,; versus r.
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Suppose a particle with energy £ is at infinity and is traveling toward the center of force
0. At such large distances, both V(r) and L%/2mr? are zero; hence the particle travels in a straight
line with a speed v, = (2E/m)"2. The particle misses the center of force by a distance b, called
the impact parameter, as shown in Fig. 7.14. Thus the angular momentum L of the particle is

L = mub (7.78)
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Vir) = —J':

Assuming r, = e« and V() = 0,

F(r)dr = —J’"g dr
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K
V(ir) = —
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K
Vir) = - (7.80)

where K < O for an attractive force and K > 0 for a repulsive force. Two important cases of an
inverse-square force are: (1) gravitational force, which is always attractive, and the quantity K
and the constant G, which are

K= —-Gmm, and G = 6.67 X 10 " N-m%kg? (7.81)
and (2) the coulomb force, for which the quantity K and the constant €, are

1
417,

where €, = 8.85 X 107 "* C¥N-m?

K = q.49> (7.82)

€, 1s the permittivity of free space. If ¢; and g, have the same signs, the force is repulsive and
K > 0 (positive), while if g, and g, have opposite signs, the force is attractive and K < 0
(negative).



~ As before, without actually solving the equations of motion, we can determine the nature
of the orbits by discussing the effective potential, which for the inverse-square force is
[Egs. (7.70) and (7.80)]

v K L’

(") ro 2mr

The plots of V,(r) versus r for four situations (K < 0,L=0; K<0, L+ 0;K=0,L#0; K> 0,
L # 0) arc shown in Fig. 7.16 and Fig. 7.17. As discussed earlier for K > 0, E is always posi-
tive and there is no periodic motion in r. The same is the case for K = 0, except that the turning
point for a given value of E and L occurs at a smaller value of r than for-K > 0. The motion in
both cases 1s unbound. For an attractive force (K < 0), both bound (L # () and unbound (L =
0) motions are possible. The latter corresponds to the one-dimensional motion of a falling body.
For K < 0 and L # 0, then motion of the particle is unbound if £ > 0, and the turning
poin. occurs at a distance smaller than for the case K = 0. The motion is bound and periodic if

E < 0. The minimum in the effective potential energy curve is given by the condition that at the
equilibrium point dV 4/dr = O

(7.83)
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while the value of V¢ at r = r;; is obtained by substituting for r, from Eq. (7.84) into Eq. (7.83);
that is,

Vf-(r)z‘IE‘F L =—'—£—'_‘+ L —
T 2mrd —LYmK  2m(—LYmK)*
or Ve (rg) = — L Tf: (7.85)
2 L

as shown in Figs. 7.16 and 7.17. Thus for £ = E, = E_.. = V. 4(ry), as given by Eq. (7.85) a par-
ticle moves in a circle of radius r, (= —L*/mK) given by Eq. (7.84). But if the energy is less than
(0 but greater than —mK?%/2L?, that is, —-mK*/2L? < E < 0, the coordinate r oscillates between
two turning points, as shown in Fig. 7.18. For all negative values of E and L # (), the orbit of
the particle is an ellipse. If the value of £ is very close to the minimum value of £, , the period
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Figure 7.16 Plots of V_({(r) versus r
tor different values of K and [.. For £ =
E_.. = —mK*/2L%, the particle moves in
a circle of radius 7.



