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where at a distance r from a particle of mass M a second particle of mass m expe-
riences an attractive force (see Figure 5-1). The unit vector e, points from M to m,
and the minus sign ensures that the force is attractive—that is, that m is attracted
toward M.



A laboratory verification of the law and a determination of the value of G was
made in 1798 by the English physicist Henry Cavendish (1731-1810). Cavendish’s
experiment, described in many elementary physics texts, used a torsion balance
with two small spheres fixed at the ends of a light rod. The two spheres were at-
tracted to two other large spheres that could be placed on either side of the
smaller spheres. The official value for G is 6.673 = 0.010 X 107" N - m?/kg?.
Interestingly, although G is perhaps the oldest known of the fundamental constants,

we know it with less precision than we know most of the modern fundamental
constants such as ¢, ¢, and #i. Considerable research is ongoing today to improve
the precision of G.



@)u 63)"..‘ )u
W §
Ts,5 < K S d J
: r - e ‘

GMm

- Y
L.Sj > D T

/ \ er-}: b',A.c
\ a £ er LL;J!}Q
) o (eles 4l3e)
< dr
&



Ty
W = GMmf dr——GMm(—\——l)

Ty Ty
Lsﬂ’
.}’/ ) ; LG o sle] : e | & "
S \)S s 5L 5 5LE] 3 0,3 pelad Joolp i in ay 57y
'\’JI3 (;g‘:""“,)*‘*“ LEL@:JI_g ]J-u] LLE.: 4 .L:.b_)ls
L:.Mu] J:a;-«*d ba\-«:obﬁ LPB-MJIJ[S
Tr:TjT\:OO'[\:“SngL::.;'T\ :OOJJ,l)t""j‘uLSW

G
V()= GMm [ 5 =2




039 g s 30 O © 313 (! 5 Jawilly (55 !

bfy&‘%x\gcbbﬂywjg=vﬁﬁ 3l9 slay hsz'ojs‘gb M) WJ’J‘ u"':’b

® = lim (K)
p . / m—=° T

218 Jeits
P ey o doly Jewdly (5551 @

J — ° “S%JSLEL} LFU"JT 3_)5
LS 50 b lye plw @35 2 09il )3y b pleab] 6



waly (S L o gl 5805 Lo oo (S & L b Josile

b Ola sl Bl w6 O)pon Josly § = b(x,y,2)

B ol s 0505 5 el 0351 V(2 y, 2) = m®P(x, y, 2)

M ot shoyd 5l Aol s (i8S Jomslt
GM
r

¢_




IR VSRS o 20 N Ls_L@JlSuJJ dsr..:.‘.fl[.; ]y e ;Mi o ‘MT ¢M\ 3_)5 L_g.s].hi; al.i,ﬁs
sleheily Egoma jl Canl ) ke (2, g, 2) ik s wljfd.,..,l.i Sz ool y3 il g5

M;
(I)(xayaz):Z(Dz:"G _:9_;"
8; = |I‘ . ril rli 8,3 1i(Ti, Yir 20) OB 5l r(2,y,2) Slaw bt Ul s;



,5“\; Sl DAL

| (F>
g= lim [ —
m—° m

o 4 sl 3 8 o doly 81 s ) el e LIS e i

"\‘..Tu-" JJIJ (xaya Z) :‘J“EJ" él} m

0925 853 » IS sy F=mg

A 2 u.:..a}.n u|.l.ua O v 9> J.aLC- _)_gLa‘u LSLG"‘_)"' _;_{l-w



J—-“L;‘,} Oldes AL e i),

g=—-Vo
=-VV
g=-Vo




JM’L’L’QJJWL;K"L’f‘;"‘)\L§‘°JJLM§@)}:U)M‘ULAW)\&€.]§‘
3y 5 demlime em (S 9 205 SIS RT IS

F = —Gmf plre, (5.2)

y 72

where p(r’) is the mass density and dv’ is the element of volume at the position

defined by the vector r’ from the (arbitrary) origin to the point within the mass
distribution.




The potential due to a continuous distribution of matter is

® = —(;[ P) (5.7)
v 7

Similarly, if the mass 1s distributed only over a thin shell (1.e., a surface distri-
bution), then

b= - J Ps da (5.8)
S

where p; is the surface density of mass (or areal mass density).
Finally, if there is a line source with linear mass density p;, then

b = —GJ s (5.9)

rr



The gravitational field vector g is the vector representing the force per unit
mass exerted on a particle in the field of a body of mass M. Thus
F M
—=—~-G—e, (5.3)
m

g~ 2

or

¢ = 'GJ p(r‘)erdv, G4
v 7
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A certain potential energy exists whenever a body is placed in the gravita-
tional field of a source mass. This potential energy resides in the field,* but it is
customary under these circumstances to speak of the potential energy “of the
body.” We shall continue this practice here. We may also consider the source
mass itself to have an intrinsic potential energy. This potential energy is equal to
the gravitational energy released when the body was formed or, conversely, is
equal to the energy that must be supplied (i.e., the work that must be done) to
disperse the mass over the sphere at infinity. For example, when interstellar gas
condenses to form a star, the gravitational energy released goes largely into the
initial heating of the star. As the temperature increases, energy is radiated away
as electromagnetic radiation. In all the problems we treat, the structure of the
bodies is considered to remain unchanged during the process we are studying.
Thus, there is no change in the intrinsic potential energy, and it may be neg-
lected for the purposes of whatever calculation we are making.
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EXAMPLE 5.1

What is the gravitational potential both inside and outside a spherical shell of
inner radius band outer radius a?

dV =r'?sin6dr’dodd




We consider the shell shown in Figure 5-3 and calculate the potential at
point P a distance R from the center of the shell. Because the problem has sym-
metry about the line connecting the center of the sphere and the field point P,
the azimuthal angle ¢ is not shown in Figure 5-3 and we can immediately inte-
grate over d¢ 1n the expression for the potential. Thus,

D = —Gf B(T—)dv’
v ¥

a m .= 9

—pra[ r’z’dr’J 26 (5.13)
b o T

where we have assumed a homogeneous mass distribution for the shell,

p(r") = p. According to the law of cosines,

=724+ R2—2yRcos 0 (5.14)

Because R is a constant, for a given ' we may differentiate this equation and

obtain

smt?de _ c,ir
rR

2rdr = 2 R sin 0 df =—p
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The potential is therefore constant and independent of position inside the shell.



The potential is therefore constant and independent of position inside the shell.
Finally, if we wish to calculate the potential for points within the shell, we
need only replace the lower limit of integration in the expression for @(R < b)

by the variable R, replace the upper limit of integration in the expression for
@ (R > a) by R, and add the results. We find

4pG

Pb< R< ag) = — —'g'R—(R?’ — b%) — 2mpG(a® — R?)

2 3 2
—47pG (ﬁ- - — — E—) (5.21)

2 3R 6



The results of Example 5.1 are very important. Equation 5.19 states that the
potential at any point outside of a spherically symmetric distribution of matter
(shell or solid, because solids are composed of many shells) is independent of
the size of the distribution. Therefore, to calculate the external potential (or the
force), we consider all the mass to be concentrated at the center. Equation 5.20
indicates that the potential is constant (and the force zero) anywhere inside a
spherically symmetric mass shell. And finally, at points within the mass shell, the
potential given by Equation 5.21 is consistent with both of the previous results.

The magnitude of the field vector g may be computed from g = —d®/dR for
each of the three regions. The results are

gR<b =0 )
3
ob< R< q = TPE(B g
3 \R2 > (5.22)
GM
gR>a) = - —5 ,
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