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CHAPTER 1
FUNDAMENTAL CONCEPTS: VECTORS

11 () A+B=({+)+(J+k)=i+2j+k
1
|4+ B|=(1+4+1)* =6
(b) 34-2B=3(G+))-2(j+k)=3i + -2k

(©) A-B=1)(0)+1)(1)+(0)1) =1

(d) AxB= =i(1-0)+ J(O-D+k(1-0) =7~ j+

—_— =
—_ O

i
1
0

‘Zxé‘:(1+l+l);=\/§
12 (a) 4:(B+C) =(2i+})~(i+4}+1€) = )1+ 1)) +(0)1) =6

(4+B)-C=(31+ ] +k)-4] = (3)(0)+ (1)(4) +(1)(0) = 4

(b) 4:(BxC)=|1




A-B _ (@)(@)+(2a)2a) +(0)3a) _ 5a°

1.3 cosf =
AB

6 =cos™ ,/i ~53°
14

1.4

NEPEN VY C5V14

(@) A=i+] +k body diagonal

A=|d-A=i-i+] jrk-k=\B
(b) B=i+j . face diagonal

B-|5-B|-2
Pk
R (c) C=AxB=]l 1 1
' 110
A-B  1-1
(d) cos@=——=——==0 ..60=90
: AB  3{2
1.5
[ B=‘B‘=‘2xd=ACsint9 .'.Cy=Csina9=
A-C=A4ACcosO=u .C,=Ccosl =
BxA
—+ A 7
A B 7 By 4 Y
8 c-Ze 2o 2 BXA(Ej
z A ‘BxA‘ Y4 4B \ 4
:%ZH%[MZ
dgl f:d ':d 2 "d 3 2 " r 2
1.6 —=i—(at)+j— Ot |+k—(yt’ )=ia+ j2pt+k3yt
=g (B )k () ST R3y
d* A4

A " ~
o =j2p+k6yt

RN



1.8 ‘A+B‘ :(Z+B)-(Z+B):A2+Bz+2fl-l§
(|4 +|8] = 4*+ B> +248
Since A-B = ABcosO < AB, ‘2+§‘£‘2‘+‘B‘
|Z + Bl
8]
| &l
‘;I-B‘=|ABCOSH|=‘ZHBHCOSH|S‘ZHE‘

B Bcos@<B

i

1.9  Show Ax{Bx )=(4-C)B-(4-B)C

=(4,B,C,+A4,BC,+A4BC.~ABC,~ABC, —-A4BC,)i
+(4,B,C,+A,B,C,+AB,C.—~4BC,~ABC,~4.B.C,)]
+(4,B.C,+A,B.C,+AB.C.—~A4BC.-ABC.-ABC.)k

(4,8.C,+4B.C.—AB,C,—AB.C,)i
=+(4,B,C,+A4.BC.~ABC,—A4BC,)j
+(4,B.C,+A4,B.C,—~AB.C.— A,B,C.)k



] \ . i(4,8.C,-4,B,C,~AB.C,+A4BC.)

i J k yExy
A 4, A, =+j(4.B,C.-4.B.C,~ABC,+ABC,)

BC.-BC, BC-BC BC=BC| L f(4BC -4BC -ABC. +A4,BC,)

1.10
x B y=Asind
1 .
A:2(5xy]+y(3—x)=xy+y3—xy:ABSlﬂH
A:‘;lxg‘
1.11
i ] k| |4 4 4| |[B B B
A-(BxC)=4-B, B, B.|=|B, B, B.|=-|4, A, A|=-B-(4xC)
c. ¢, cC||c. ¢ c| ¢ ¢ C
1.12

Let A = (Ax,Ay,Az), B =(0,By,0) and C =(0,Cy,Cz)
C, is the perpendicular distance between the plane A4, B and its opposite. ii =B xC is
directed along the x-axis since the vectors B, C are in the y,z plane. u, =‘Ex C" =B,C,

is the area of the parallelogram formed by the vectors B, C. Multiply that area times the
height of plane 4 , B = A, to get the volume of the parallopiped

V=Au, =4, B,C =Ae(BxC)



1.13  For rotation about the z axis:

o

cosd 0 —sin@)( cos¢p sing O cosfcos¢ cosfsing —sind
T=l 0 1 0 —sing cos¢g O |=| -—sing cos ¢ 0
sind 0 cosé 0 0 1 sinfcos¢ sinfsing cosf

1.14
f~f’=cos30°:_3 j1=sin30" =— k-i'=0
2
Y} ] 3 Ay
i-j =-sin30" =—— j-Jj =cos30 =7 k-j'=0
;']9:0 j'k’\,—o k-k'=1
3 1 r
Bl Gl
2 2 2
A, : \/g 2 ;
A, |=|-= == 0] 3 [=|2+3-1
A 2 2 1
Z 0 0 1L -1

A=3.2327"+1.598)" - k'



1.15 1.  Rotate thru ¢ about z-axis ¢ =45
2. Rotate thru @ about x’-axis 0 =45
3. Rotate thru i about z’-axis v =45
3.z z
)
8 -
= ’
N N 1
1 B
X =" 1
Ry=| ——
V2
0
LI S
1 0 0 22
1 1 1 1
R,=|10 — —| R =[-— — 0
’ V220 2 2
o L L 0 0
N
it 1 r 1
2 22 2 2 2
1 1 1 1 1
R(v,0,)=R RR, =| ————r — =g —
(v:0.9)=R,R,R, 2 22 2 22 2
1 L
2 2 2
1
Condition is: X' = Rx where X'=|0| and X
0
Since ¥-X¥ =1 we have: w’+ 7 +a’ =1
After a lot of algebra: azl—ﬁ, ﬂ=l+£, y=
2 4 2 4

R

)

<

> &5~ -

or |0 =R(l//,9,¢) p

(24

B
Y

1
2



S5

at = , v=#Jbe and @=ct+ch
cosH—v'a— cVbe _L

va \/E\/ZCz \/5
0 =45

1.17  v(t)=—ibwsin(wt)+ j2bwcos(wt)
1 1
v|= (bza)2 sin’ ot + 4b*w’ cos’ a)t)E = ba)(l +3cos’ a)t)i
a(t)=—-ibw’ coswt — j2bw’ sin wt
1

|a| = ba’ (1 +3sin? a)t)5

at =0, |\7|:2ba); at tzi, |\7|:ba)
2w
1.18 v(t)=fba)c0sa)t—j’ba)sina)t+/€20t

a(t)=~ibw” sin ot — jbew* cos ot + k2¢
! 1
jal= (bza’4 sin® ot +b’w* cos® ot + 4¢’ )E - (bza)4 +4c? )E

1.19 v =7¢ +rbeé, =bke"é. +bce"e,

a= (F —r? )ér +(r9 + 21*9)@ = b(k2 ~c’ )ek’é, +2bcke"é,

5.4 Vk(K —c*)e™ +2b°Cke™
cos¢@ = = i
va 1 2 5
be" (k2 +c’ )2 be" |:(k2 —c’ ) + 4czk2}
k(k* +c?
cos¢@ = ( - ) = k —, aconstant

(k2 +c )E (k2 +cz) (k2 +c’ )5

120 a=(R-Rp)é,+(2Rp+Rp)e, +zé.

- 2A A
a=-bwe, +2ce,
1

d)= (P +4c):



1.21

1.22

1.23

>

N
~

(1)=1 (1 —e ) + je*
F(1)= ike ™™ + jke"

F(t)=—ik’e™ + jk*e"

Trajectory: k=1

(=1

12343678380,

|“‘=
—
-
—
Pl el vl sl ik
P i P2 o G0 Fa 0 P e 00 0
TN N T T T T T T N N

= o=

. » .

v=er+ergsing+e,ro

v = é,bwsin {%[1 +%cos(4a)t)} — égb%a)sin(%)t)

v = é,bw cos {% cos (40)1)} — égba)%sin (4ar)
n 7’ 2
|\7| =bw| cos’ (g CcoS 4a)tj +Tsin2 4ot

Path is sinusoidal oscillation about the equator.



dr_ ,_ _ ar ,_ _ d, _ _
1.24 E r (vxa)]:E-(vxa)+r E(vxa)
v(oxa)er | [ Goeal (s
=y (vxa)+r —xa |+ vx—
{ dt dt
=0+?-[O+(\7x5)}
dr_ ,_ _ I
= (vxa)]zr (vxa)
125 ©v=viand a=a,t+an
_ v-a
v-a=va,, SO a, =—
v

1.26

1.27

—b*w’ cos wt -sin wt + b*w’ sin wt - cos wt + 4¢’t

For1.14, a, = -
(bza)2 cos® wt + b*w* sin® wt + 412 )E
4c%t
a = 1
(D0 +4c)?

n

1
16¢*t )
b’w* +4c’t

b’k(k* —c*)e™ +2b°c ke™ 1
For 1.15, a, = ( ) 1 = bke" (K> +¢* )?
be" (k2 +c? )5

a, = (bza)2 +4c” -

1

a, = [bzem (k2 +c? )2 —-b’k*e’ (k2 +c? )}2 = bee" (k2 +c? );



1.28

b
i
wl

7y =ibsinO+ jbcosd
v, =1b6 cos@— jbOsin
a, = fb(&’ cosd —6° siné’)—}'b(é sin @ + 6” cosH)

. T
atthe point d=—, v ,=-V
2
So, [v.,|=b0=v
e'_V 9’_\;’_620
b b b
2 2
AV .V
Now, a,=v t+%n=ai+—n
Yo, b
_ , v
a,.. a, +?

V,=v+v , and d,=a, +a,,

2 2
a,=1i|a +b &cosﬁ—v—2sin9 —jb &sin6’+v—2cosc9
b b b b

272

vio2y? 2
|a,|=a.| 2+2cos0+———=—sin@
a’b~ ab

d, 1s a maximum at d =0, i.e., at the top of the wheel.
2

—2sin9—2lcos<9 =0
ab

2
6 =tan"' [—V—J
ab

x x 0 x x O 2x2 0 0
129 RR=|x x O|-x x 0|=[ 0 2x* 0 Therefore,x:%
0 0 1)lo 0 1 0 0 1

The transformation represents a rotation of 45° about the z-axis (see Example 1.8.2)

10



1.30
(a) a=fcos€+}'sint9
b :fcos¢)+}'sin(p

0 a-b:cos(¢9—¢)):(fcos&+}sin@)-(fcos¢+}singp)

cos(0—p)=coscosp+sinfsinp

(b)  bxa =‘I€‘sin(0—¢)=‘(fcos9+}'sin6’)x(fcos¢)+}'sin(/))‘

sin (6 — ) =sin & cos ¢ —cos sin @

11



CHAPTER 2
NEWTONIAN MECHANICS:
RECTILINEAR MOTION OF A PARTICLE

21 (a) ¥=(F +cr)

m
t ] F

i= [ —(F+ct)dt="t+—1
Om m 2m
 F F

xzj' Loy Cp|a=S 4 S
o\'m 2m m 6m

(b) ¥= ﬂsin ct
m

. t Fo F F,
x:j —°s1nctdt:——°cosct|t :—"(l—cosct)
0 m 0

cm cm
F F 1.
x=jt—"(l—cosct)dt=—°£1——smct]
0cm cm c
F
(c) x=—¢€"
m
F F /.
= :—°(e”—l)
cm % cm

2.2 @) i=—=——=x—
dt  dx dt dx
x@:—(Fo+cx)
dx m

Xdx :l(F +cx) dx
m

2
LEEIIN
2 m 2

1

x=[%(2FO Jrc;c)}2

(b) x= xﬁ = lFoe_”x
dc m

12



2.3

24

2.5

© i

(a)
(b)
(©)

(a)

(b)

(©)
(d)

(2)

(b)

xdx = lFoe’cxa’x

m
1 . F:, —cx E> —cx
Exzz—%(e —1):%(1—6 )
1
2F 2
v =| 2= (1= —cx
=2 0-e)|
x:x@:i(ﬁgcoscx)
dc m
xdx = icos cxdx
m
1., T
— X" =—=sincx
2 cm

1
C(2F . )
X=| —SIncx
cm
2
cX

V(x):—J.x(F; +cx)dx:—Fox—7+C
x F
V(ix)=—| Fe“dx=—e“+C
(x) Lo e “dx ce +

V(x)= —J‘XFO coscxdx = —ﬂsincx+C
X, c

B dV (x) B 0.6
F(x)—— i =—kx ﬂ.5D4 E | T T
; : T
V(x)=] kedx =~ for t
’ 2 VAN

T.=T(x)+V(x) S5 0 0
I T
T(x) =T~V (x)=Sk(4-x")
2

turning points (@, T(x1 ) -0 ..x =14

kx’ x kx’ 1 1 kx
F(x)—kx+7 SO V(X):J‘O(]OC—TJJ :5 2—27
1 1 kx*
T(x)=T -V (x)=T ——k’ +——-
E=T

13



(d) ¥(x) has maximum at ‘F(xm )‘ —0

3
" ——kj;”z’ =0 x, =tA

4
V() =kt - LK _Lpp
2 4 4 4

2.6

2.7

2.8

2.9

If E <V (x,) turning points exist.

Turning points @ T'(x,) — 0 let u=x’

2
E—lku+lkizzo
2 4 A
solving for u , we obtain
. 0.25
u=A|12[1-2£ )
kA
or
1
2
xl=J_rA[1— (1—4—'2}} 0
kA
)sz(x)—g )Cz—ﬁ)'c=—0(—2
x x’ x’
2
ma
F(x)=mx=-
(1) =mi=-"4
F /H
T F>Mgsin@
a
R4
Mg
F = mit = mi -
dx
x=bx"
@:—319){4
dx

F=m (b)f3 )(—3bx4‘ )
F=-3mb’x”’

0.2

01

W(x]

Tix]

R

(a) V =megx= (.145@)(9.8%](1250 ﬁ)(.3048%) = 541J
S

14



3
IFdx = j—cvzdx = —CJ. vidt = —cj(—vt tanh (LD dt
T
= CV,3T|:—ltal’lh2 (ij + Itanh (ij d (iﬂ
2 T T T
=o't {—l tanh’ (ij +Incosh (iﬂ
2 T T

Now tanh’ (i] =] for t<7
T

Meanwhile x = J‘vdt = '[ [—v, tanh (LD dt =v,tIncosh (ij
T T
Incosh (ij =
T) vt

x= (1250ﬁ)(.3048%] —~381m

! (.145@)(9.8’”)
2 2
v, = [—mg J = S| =342

g (22)(0732)* & s
m
1
. 2
r:( - Jz - ('145];5’) —3.543s
&) | (22)(.0732) g(9.8 ”jj
m S

3.81

[ Fax=(22)(.0732)" (34.72) (3.543){—.5 +(34.72—)(3_54)} =454

V—T=541J -87J =454J

F
210 For 0<t<t: v=—"t1, x=——"¢
m 2m

F F
For ¢ <t<2t: v,=—t, x,=—=1, t =¢
m 2m

15



2.11

2.12

2.13

F , F 12F 2
X=—=t +—=t(t—t )+——(t—t¢
2m 1 m 1( 1) 2 m ( 1)
F F F F
At =24 x=—°t12+—°t12+—°t12:5_°¢12
2m m m 2m
dv dv dx dv c 3
ga=—=—+—=YPe—=——Y
dt dx dt dx m
1
vza’v=—£dx
m

v _l Xmax C
.[ v 2dv =I ——dx
v, 0 m

1 c

—2V°2 =T X
m
1
2my 2
xmax -
C

Going up: F, =-mgsin30° — umg cos30°
i=-g(sin30"+0.1c0s30") = ~5.749
s
v=v +at

at the highest point v=0 so 7,, = Lo 174v s
a

X, =Vvt, L 0.174v.” —.087v." =0.087v.’m
U, Uy, 2 up
Going down: x, =0.087v.”, v, =0, a’=-9.8(0.5-0.0866)

down

x,,, =0=0.087v’ 405132
2

tiown = 0.207v,s

t =0.381v.s

total

Ztup+t

down

g
At the tOp v=0 so efzk"max - k

2
vO

= [0q
+

Coming down x, =x__ and at the bottom x =0

max

k
k k

y g_(gjz( L _(1)- (i]v

ke k g) g,

16



2.14 Goingup: F.=-mg—c,»’

2

a:v?:—g—kvz, k:c_
X m
v vdy x
J.Vo——g—kvz :-[O dx
1 v
——In(-g-kb?*) =x
2% (~g=k7),
g+kV2 _ otk
g+kv]

v =(§+v2je2’“—§
k- k

Going down: F. =-mg+c,v’

v
v—=—g+kv’
dx &
J~v vdv - de
0 g+kv 0

152 _ g2k 2k
g
" _g_(ge_zmjem
k k
dv
215 m—=mg—cyv—-c’
g ETavTae
tﬁ_ v dv

2
"m  Omg-—cv—c,Vv

Using J~ dx B 1 In 2cx+b—~b* —4ac
a+bx+cx’ B’ —4ac  2ex+b+~b* —dac




v

1

In —2c,v—c, — \/cl2 +4mgc,

\/cl2 +4mgc, —2c,v—c + \/cl2 +4mgc,

t
m

0

(202\/+c1 +\/cl2 +4mgc, )(cl —\/clz +4mgc, )
2¢,v+c¢, —c +4mge, )(c1 ++Jc +4mgc, )
as t— w0, 2¢V, +c —+lc +4mge, =0

BE

Alternatively, when v=v,,

i(cl2 +4mgc, ); =In

G

_jz s

2c,

G
v, =——+
2c,

dv
mgzozmg—clv,—czv,
2 2
S R ¢
2c, 2c, c,
2.16 a:vﬂ:—ﬁx_2
dx m
v v kdx
J.o vy = J.h _mxz
1, k(l 1)
—)y = ———
2 m\x b
- 1 -1
a_[2(1 L} _[2(5ox))
d | m\x b mb\ x )|
1
~ 1 1 X )2
2 32 m
_[tdtzjo m—b( al J d=| " jo b d(fj
0 bl 2k \b—x 2k X b
b

Since x < b, say %: sin® @

mb®

0 sin9(2 sin @ cos 8d6

|

2k

e

cos@

0 .,
£Sin 0do

-



2.17

2.18

2.19

dt dx
mvdy
= f(x)dx
<) (x)
By integration, get v=v(x)= %

If F(x,t)=f(x)g(t):
d’x d ( dx
mW = mE[E) = f(x)-g(t)

This cannot, in general, be solved by integration.

It F(v,t) :f(v)-g(t):
=1 (v (0

mdv

——=g(t)dt
Integration gives v =v(¢)
& _v(r
dx:v(t)dt

A second integration gives x = x(7)

¢ =(1.55x10")(107) :1.55><106%g

¢, =(022)(102) =22x10° 28

S

1
s < Y (107)(9.8) P
_1.55%10 {[ 1.55x10 ]+( )( )}

‘T 2x22x10° || 2x2.2x107 22x107
v, =0.1792
S
107)(9.8
Using equation 2.29, v, = M 02112
2.2x10 s

F(x) =—Ae™ =mX or F(v) =—Ae” =my
Let u=e” du=cae”dv dv= dliv = ﬂ
ae au

w4,
e m
du__ad
u m

19



2.20

Integrating

1 1 4

u u, m

and substituting e’ =u

a m

(b) t=T@v=0

(a) v=v, —lln[lJréea“at}

av, =In {1 +£e‘”"aT}
m

ay,

e’ :1+£e”°aT

m ad

dv A
v—=v=——¢" —
dx m e m

(©)

dv:ﬂ
au

again, let u=¢” du=audv or

F= =mv+vm=mg

but m=p, gﬂ'}”3 m= par’y

so (1) %ﬂpor3v+7rplr2v2 =§7r2 :éﬂpfg

Now s ~107°
2,

hence v~ g and speed oc ¢ but

. . .1
m=p 4xr’i=p ar’v or Fa—Pu,

4 p.

Hence

Integrating and solving

1

yv=—Inu
a

so0, second term is negligible-small

r=

Lo

4p

g

~

growth oct

The exact differential equation from (1) above is:

ap. ), |4

4
=—7p.rg

—7p.r
L. 3

+ 77
3 7]

1 1

and rate of

20



.2
which reduces to: ¥+ 2 &g
ro 4p,

Using Mathcad, solve the above non-linear d.e. letting

P10 and R =~ 0.01lmm (small raindrop). Graphs

p.
show that

vocroct and roct?

Radiuz vz Time Rate of Growth vz Time

20 | 1 |
E o
E B

510 - £ 2 .
=
& =
=

1] | 1] |
1] 5 10 0 H 10
Timelz] Time [s]

21



3.1

3.2

33

3.4

3.5

CHAPTER 3
OSCILLATIONS

x=0. 002sm[27r(512s e ] [m]

oo

- =(0.002)(27)" (512) [?}zz.owlo‘*[sﬂz}

x=0.1sinwt [m] x=0.1w, cosa)o{ﬁ}
s

Whent=0,x=0 and  %=0.5 [ﬂ:o.mc
S

@ =55 r=2% 1265
a)o

X .
x(t)=x coswt+—=sinwt and @, =27 f
@,

x =0.25cos(207¢)+0.00159sin (207t )[m]

cos(a— ) =cosacos ff+sinasin
x=Acos(wt—¢)=Acospcosm,t+ Asin gsinw,t
x=Acoswt+Bsinwt, A=Acosg, B=Asing
1

Lo e = Lo s Lo
2 2

2 2
k(xl2 —xf):m(fczz—fclz)

1 1 1
2.2 2.2
. XX, — X, X
= =S
k X, — X,

22



3.6

3.7 For springs tied in parallel:
F (x)=—kx—kx=—(k +k,)x

s

{2

For springs tied in series:
The upward force m is k,, x.

Therefore, the downward force on spring &, is k,, x.

The upward force on the spring k, is k,x" where x' is the
displacement of P, the point at which the springs are tied.

Since the spring £, is in equilibrium, kx' =k, x.

Meanwhile,
The upward force at P is &,x'.

The downward force at P is &, (x—x').

Therefore, kx' =k, (x—x')

. kyx

k +k,

And keqx:kl( oy }
k, +k,

1
@ = k., _ kik, ’
m (k1 +k2)m

3.8  Forthe system (M +m), kX =(M +m)X

The position and acceleration of m are the same as for (M + m) :

. k
*n __M+mxm

xm:Acos(,/ k t+5}=deos k t
M+m M+m

The total force on m, F, =mx,  =mg—F,




3.9

3.10

mkd k
X, =mg+ cos
M +m M+m M+m

t

F =mg+

For the block to just begin to leave the bottom of the box at
the top of the vertical oscillations, F, =0 at x, =—d :

0= me— mkd

& M+m

d_g(M+m)
k

x=e""Acos(w,t—p)

% =—e¢"" Aw, sin(w,t —¢)—ye " Acos(w,t — )

maxima at % =0=w, sin(w,t—¢)+y cos(w,t —¢)
/4

t t—@)=—-"

an(w,t—¢) o

o\ . . . . 2
thus the condition of relative maximum occurs every time that ¢ increases by —:

@,
27
Ly =t +—
2

For the i th maximum: x, =e ™" 4cos(w,t, —¢)

ER
xi+1
() y=—=35" wf:£:25s*2
2m m
o =wl-y'=16s" o’=0-y=7s"
o, =~7s"
b A =L B 0om
Co, 604
© tng= 2O 2O _ O _NT L PRALE
(@2-0}) 27 7 3
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3.11

3.12

3.13

(a) m)'é+3ﬂmx+177ﬂzmx:0

& , 17 ,
7—5,3 and @' —?ﬂ
o =l -2y =4 o, =23
b 4, = £, wj:wf_yzzgﬁz
Ymye, :
24
o5
e’”d:l
2
7:Lln2:fdln2
T,

@ o= -y
So, @, =(w;+7°)
e (Y 5: w2t}
fo_{fd +(27zj} fd|:1+(27z.J:|
f. =100.6Hz
(b) . = (a)j _7/2 )5

/. =99.4Hz

Since the amplitude diminishes by e’ in each complete period,

no 1
2 L
(7)==
7=L: W,
I)n 2rn

Now o, :(0)02_72);

1

: 1 2
So woz(w§+72)z:wd(1+mj
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27
_ 1

L e o [, 1}
T 27 o, 47°n

a,
1

2.2

For large n, L ~1+
T 87°n

1
1 2
34 (@) o, =(0’-2) {a)f— (%” - 0.707w,

1
2

(d) D(@:{(d—%ﬁ)ﬁ{%} (4@2)} =3.606

3.15 A(0) 5 ——
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3.17

3.18

2 2
® o, —y
b :—d:
(b) O 5 2
S _R
LC’ 4 2L

\F

, C

ARG

2y

F,, =Fsinowt= Im[lﬂe”‘”}

and x(¢) is the imaginary part of the solution to:
mx +cx+ kx = F e’

ie.  x(1) :Im[Aei(”t_“))} = Asin(wt - @)

where, as derived in the text,

F

A= -
[(k —mw* )2 + ot }2
and
2yw
tan @ =
/ 0’ -’

Using the hint, F,, = Re(Foeﬁ ' ) ,  where f=—a+io,
and x(2) is the real part of the solution to:
mi+cx+hkx=Fe” .

Assuming a solution of the form:  x = 4e”™"
2 F] i
mp - +cf+k)x=|— |xe
ot +cpeb)a=( £
maz—2imaa)—ma)2—ca+ica)+k:%(cos¢+isin¢)
F
2 2 o
mla” —o" )—ca+k=—cos
(a* =) —cosd

w(—2ma +c) :%sin¢

27



a)(c - Zma)

. -1
¢ =tan m(a2 —a)z)—ca+k

Using sin” ¢+cos’ g =1,
g

F’ 2 2
A—"Z:[m(oz2 —a)z)—ca+k} +0* (c—2ma)
e F,

N =

{[m(az —a)z)—ca+k]2 +o’ (c—Zma)z}

and x(t) = Ae ™ cos (a)t - ¢) + the transient term.

1
2\
319 (a) Tz27z\/z(l—A—j
g 8
for A=Z, Tz27z\/z><1.041
4 g

2
(b) g= 4;21 x1.084

2
Using 7. =27 \/z gives g = 4TL21 , approximately 8% too small.
g .

3 2
(c) B=- /1A2 and =%
320, 6
B|_ 4
4192
for A==, 8| =0.0032
4° |4

320 f(t)=D ce™ n=0,£1,2, ...

f(t)= ZCn cosna)t—i-chisinncot, n=0,+1,£2, ...
and ¢, =~ | % f()e™de, n=0,4£1,%2, ...
s
& =L [3.1 (1) cos(nor)di - [ £ (¢) s (mot)
T T2
The first term on ¢, is the same for n and —n ; the second term changes sign for

n vs. —n . The same holds true for the trigonometric terms in f° (t) . Therefore, when

terms that cancel in the summations are discarded:
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f t) =c, +Z(%J‘_§Tf(t)cos(na)t)dt]cos not
+Z[%I%f(t)sin(nwt)dtjsin not

1
n=%1,42, .. and c, =;j2§f(z)dt

Now, due to the equality of terms in +n:

c+Z[ j f(t cos(na)t)dthosna)t
+Zn:[?j2§f(t)sin(na)t)dthin neot ,

n=123, ...
Equations 3.9.9 and 3.9.10 follow directly.

T
321 f(t)=D.ce™, =% [3r(t)ede, and n=0,%1,42, ...
2

@ - —in®
Tz; SO c, =ijf(t)e ‘dt

_ % _J'_O,, (—e)de+ | OZ ei"“”dt}

0 -
— w . 1 e—inwt —- 1 e—in(ut @
2r | inw 7 inw 0

1 +inmw —inm
= rin [l—e —e +1]

For n even, ¢”” =e ™ =1 and the term in brackets is zero.

For n odd, e =™ =-1
4

c, = s n=%x1,£3, ...
27in
4 inwt +
=) —— =143, ...
f(t) 227”-116 > N ? 3’
411 m(ut —inwt
- ;;21( —e™), n=135, ...

41 .
=)y —— t), =1,3,5, ...
zﬁnsm(na)) n

f(z‘)=i sina)t+lsin3a}t+lsin50)t+...
V2 3 5
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3.22

3.23

In steady state, x(t) = Z Ae

i(not—4,)

Now Fn:i, n=13,5, ... and o. =3w
nir
2
0=100~2 50 72~
y 40,000
A
2 277
(9502 —a)2)2 +49a) @
40000
F
A ~ -
" d2mne?
4 =2 1 1
3mrx =
2 90>\ |
(90 -90” ) +4
200
400F
2Tmrw?
4= 4F ‘ 1

i

A
20mrw?

e, A : 4, : 4 =1:29.6:

0.1

(a) X¥+w’x=0 y=x% Thus y=—a’x X=y
. 2
divide these two equations: Z = 4 =2
X dx y
. d :
(b) Solving y_zy +xdx =0 and Integrating
a)o
Let 2C = 4
y2 x2
W + = =1 —  anellipse
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3.24  The equation of motion is F(x)=x—x" =mi. For simplicity, let m=1. Then

(a)

(b)

(©)

¥=x-x". This is equivalent to the two first order equations ...
¥x=y and y=x-x
The equilibrium points are defined by
X—x = x(l—x)(1+x)= 0
Thus, the points are: (-1,0), (0,0) and (+1,0). We can tell whether or not
the points represent stable or unstable points of equilibrium by examining
the phase space plots in the neighborhood of the equilibrium points. We’ll
do this in part (c).
. 3
The energy can be found by integrating % = Z “F o
X y

J.ydy:J-(x—x3)dx+C or

2 2 4
X X
L2 Z.c

2 2 4

2 4 2
In other words ... E:T+V:%+[%—%}:C. The total energy C is

constant.
The phase space trajectories are given by solutions to the above equation

1
4 2
, X
=+| x"——+2C | .

The upper right quadrant of the trajectories is shown in the figure below.
The trajectories are symmetrically disposed about the x and y axes. They
form closed paths for energies C<0 about the two points (-1,0) and (+1,0).
Thus, these are points of stable equilibrium for small excursions away
from these points. The trajectory passes thru the point (0,0) for C=0 and is
a saddle point. Trajectories never pass thru the point (0,0) for positive
energies C>0. Thus, (0,0) is a point of unstable equilibrium.

+
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3.25

2

J+sinf=0 = ig——cos@ =0
dt| 2

10

Integrating: % = cos ¢9|z or  6°=2(cosf—cosb,)

0

0 [Z(COSH—COS 6’)]%

Time for pendulum to swing from =0 to =6, is %

sin —
Now—substitute sin ¢ = 9 SO ¢ ~Zato= 0,
sin —= 2
2
0 . de
and use the identity cos@ =1-2sin” = .'.T:4I 1
2 1
0 .20 . ,0)]?
4| sin” —=—sin” —
2 2
and after some algebra ... a¢ - = 9 - or
{I—Sinze}z 4 sinzi—sin2€ i
2 2 2
3
@ T :4IL] where oz:sinzﬂ
0 [1 —asin’ ¢P
) *l 1 .2 3 2 . 4
(b) (1—asm ¢) 2xl+—asin“g+—a sin" g+...
2 8
3
T:4Jd¢[l+lasin2¢+Eazsin4¢+..} T:27r[1+g+ia2+..1
0 2 8 4 64
3 2 2
(c) a:sin2g~ 2—9—+ A
2 2 48 4
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CHAPTER 4
GENERAL MOTION OF A PARTICLE
IN THREE DIMENSIONS

Note to instructors ... there is a typo in equation 4.3.14. The range of the projectile is ...

Rexe v, sin 2 NOT v, sin’ 2

11 @ F=vr=i ;T ;&

(b) F
(©)

(d) F:-?V:_éra_V_égla_V_% 1 94
or r 06 rsiné O0¢

—VV ==i2ax—j2By—k2yz
—VV =ce ) (fa+}ﬂ+]€y)

e
Il

F=-écnr"”
4.2 (a)
ik
VxF = 2 2 i =0 conservative
ox 0oy Oz
X y z
(b)
ik
?xF:i o 2=l€(—1—1);ﬁ0 eenservative
ox 0oy Oz
y —x z
(©)
i J k
VxF = o 9 9 :12(1—1):0 conservative
ox 0oy Oz
y x z
(d)
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4.3

4.4

(a)

(b)

(2)

>

e,r ersind

VxF = 21, o o 9 =0 conservative
r-sind| or 06 0@
—kr™" 0 0
ik
vxﬁzi i E:k(20x—x)
ox Oy Oz
2 3
Xy ox° z
2cx—x=0
1
c=—
2
A
vxF=|l 2 0
ox Oy Oz
z ez x
yoy oy
vy y oy oy
X cox
- -—=0 c=-1
y oy
also c—zz+i2:O implies that c=-1 asit must
y oy

E =constant=V(x, y,z) +%mv2
at the origin £ =0 +%mvf

at (1,11) E=a+ﬁ+y+%mv2=%mvf
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(b) vf—g(a+ﬂ+7/):0
m

(©) mx=F, :—8—V
} ox
mx =—-«a
oV
my =———==2fy
y
oV 2
mz=———=-3yz
0z 4
(a) F=ix+ )y
on the path x=y: dF =idx+ jdy

(01 = | s [t = e -1

0,0)

on the path along the x-axis: dF = idx

and on the line x=1: dr = jdy
“Edr = Fav+ [ Fdy=1

I(o,o) ar _.[0 ¥ x+jo v =

F is conservative.

(b)  F=iy—jx

on the path x=y:
oy = 1 1 1 1

I(o,o) F-dr = IO Fdx+ jo F,dy = IO ydx — IO xdy

. (1,1) — . 1 1
and, with x=y j(o 0)F-afr =J-0 xabc—j0 ydy =0
on the x-axis: j((;z; F-dr = Jj F.dx= J-Ol ydx
and, with y =0 on the x-axis I((;z;ﬁ -dr =0
. Ly 1 1
on the line x=1: I(IO)F-d = OEvdy:IOxdy



and, with x =1 j((::;F dr = dy=1

1,1)
on this path I( )F-d?=0+1=1
(0,0)
F is not conservative.

2

4.6  From Example 2.3.2, V(z):—mg( L )
r,+z

e

V(z)=-mgr, (1+5j1

r

e

2

From Appendix D, (1+x)_l =l-x+x"+...

2
V(z)=—mgre (1—r£+z—2+...j

e L
mgz’
V(z)=-mgr, + mgz - & 4.
With —mgr, an additive constant,
V(z) ~ mgz(l—ij
re
= o ~ 0
F=-VV=-k—V(z)
0z
:—lgmg{l—£+z[—lﬂ
r@ re
F= —lgmg [l—zj
re
mx=F =0, my =F, =0 m'z':—mg[



p=lel - (hz<r,)
2 2 g
2
pole L 1_2voz
2 2 gr,
1 x2
From Appendix D,  (1+x)2 = 1+__§+
2 4
hzr_€_£+voz+ Voz +
2 2 2g A4gr,

4.7
For a point on the rim measured from the center of the wheel:

7 =ibcos@— jbsin@
— v y o X
O=wt=—, so 7 =-—iv,sinf— jv, cos@
X b
g Relative to the ground, v = iv, (1 —sin 9) — jv.cos@

For a particle of mud leaving the rim:
Y, =—bsin@ and v, =-v,cosd

So v, =V, —gt=-v,cost—gt
. 1
and y= —bs1n6’—votcos:9—5gt2

At maximum height, v =0:

__v,cos6
4
2
h=—bsind—v. (_Vo Cosejcosﬁ—lg(—v° cos@)
g 2 g
2 2
h=—bsing+ 209
2g
2 .
Maximum % occurs for ah =0=-bcosl — 2v. cosfsin
do 2g
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sinH——v—z
4 212
coszﬁzl—sinzez#
VO
2 4 212 2 2
hmax:gbZ +v° gb :gb +V_

V. 2907 20} 2g

2

The mud leaves the wheel at € =sin™ (_g_bj
VG

48 x=Rcos¢ and x=v, 1=(v,cosa)t
Rcos¢
V. cosa

S0 t =
. 1 2 . 1 2
y=Rsing  and y:voyt—Egt :(vosma)t—zgt

2
Rsing = (v, sina)—RCOS¢ _lg[_R cos¢j

v.cosa 2 |\ v cosa
: R cos’
s1n¢:tanacos¢—gzc—osz¢
2v:cos
2v? cos’ : 2y . .
R:&ja(tanacowﬁ—smm:Lozsa(smacosgb—cosasm(;ﬁ)
gcos” ¢ gcos” ¢
From Appendix B, sin (0 +¢)=sin & cos ¢ +cos @sin ¢
2v° .
R =2V CO¢% Cozsas1n(a—¢)
gcos” ¢
: : dR 2y L
R is a maximum for — =0 = V°2 [—s1nas1n(a—¢)+cosacos(a—¢)]
da gcos ¢

Implies that cosa cos (o —¢)—sinasin(a—¢) =0
From appendix B, cos(6+¢)=cos®cos¢—sinfsing
so cos(2a—¢)=0

2a—¢=% a:£+£

2y?

o

> cos(£+£jsin(£—£]
gcos ¢ 4 2 4 2

max
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Now sin(Z—QJ:cos{z—(z—ﬂﬂzcos[£+éj
4 2 2 \4 2 4 2

2
R = v, cosz(£+ﬁj

™ gcos’ @
Again using Appendix B, co0s26 =cos’ @ —sin’ 6§ =2cos’ 6 -1

2v? 1 V4 1 Vv V4
= s—| =cos| —+¢ |[+— |= s—| cos| —+¢ |+1
gceos“ | 2 2 2| gcos’d 2

Using cos (%4‘ 9) =—siné,

max

2
1%

Rmax = m(l —sin ¢)

2
VG

R —-— Y
™ g(1+sing)

4.9

(a) Here we note that the projectile is launched
“downhill” towards the target, which is located a
distance /4 below the cannon along a line at an angle
¢ below the horizon. a is the angle of projection
T ~ that yields maximum range, R,,,,. We can use the
. results from problem 4.8 for this problem. We
S X simply have to replace the angle ¢ in the above
9 \ result with the angle -¢, to account for the downbhill
) \ slope. Thus, we get for the downhill range ...

H 2 .
e\ R 2V cosasin (a+9)

VN 2
g cos” ¢
The maximum range and the angle is o are obtained from the problem above again by
> (1+sin
replacing ¢ with the angle -9 ... R = VLM and ... 2a = z_ Q.
g cos @ 2

h _£(1+sing0)_ v,

sin(p_ g cos’ g g(l—singo)

Solving for sing ... singozg}zl/(ljtg}zl]
v, v,

We can now calculate o ... R =

max

But, from the above ... sin@ =sin (% - 20{) =cos2a =1-2sin’ «

Thus ... 1—2sin2a:gél/(1+gilj
v v,
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2sin205=72 = _g&h (l+ghj= !

2

Finally ... csc’ @ = 2[1+ ghj
Vo

(b)

Solving for Ry ... R, = _h = h — = h -
singp 1-2sin"« 1—2/Csc a

Substituting for csc* @ and solving ...

2
R =2 1+g—}2’
g Yo

4.10 We can again use the results of problem 4.8. The maximum slope range from

problem 4.8 is given by ...
_ vy __h

g(1+sin(p) - sin @
Solving for sing ...

Vo Vo

Thus ...

max

cos @

sing
We can calculate cos¢ from the above relation for sing ...

1
1 2
cosgo:(l—sin2 (/))2 = [1—25};] /[ —f};j
0 0

Inserting the results for sin¢g and cos ¢ into the above ...

1
2 2
:hM:i[l_zg_}z’j

x. =R _cosp=h

max

singp g Vv

4.11 We can simplify this problems somewhat by noting that the trajectory is
symmetric about a vertical line that passes through the highest point of the trajectory.
Thus we have the following picture ...
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< R

We have “reversed the trajectory so that 4y (= 9.8 ft), and x, , the height and range within
which Mickey can catch the ball represent the starting point of the trajectory. /; (=3.28
ft) is the height of the ball when Mickey strikes it at home plate. 9 is the distance behind
home plate where the ball would be hypothetically launched at some angle a to achieve
the total range R. x; (=328 ft) is the distance the ball actually would travel from home
plate if not caught by Mickey. (Note, because of the symmetry, vy is the speed of the ball
when it strikes the ground ... also at the same angle o at which was launched. We will
calculate the value of x) assuming a time-reversed trajectory!)

2 = 2 .
(1) The range of the ball ... R= vy Sin2a _ 2v,"sinacosa

g g
2
(2) The maximum height ... z_ = Etanoz —%(Ej
2 2v,"cos" a \ 2
(3) The height atx; ... h = x, tanoz—%(xl)2
2v,"cos” a
From (1) ... 5 g —= tan & and inserting this into (2) gives ...
2v,"cos” a

R R R
Z.x = —tana——tana =—tana
2 4 4

Thus, R= tzﬂ and inserting this expression and the first previously derived into (3)
an o

2
t
(4) hl = xl tana _M
4z

max

Let u = x, tana and we obtain the following quadratic ...

u’—4z_u+4z_ h =0 and solving for u ...

max

1
u=2z_ [li(l—hl/zmax )2} and letting ¢ =L, we get ...

max

41



u ~ Zmaxg = }Ll
or u=2z, (2-¢)=2z,,(2-.0475)=3.9z,, . This result is the correct one ...

max

Thus, tane =>2-mx —(0 821 . o=39.4

X
Now solve for x, using a relation identical to (4) ...
(x, tana)’
hy, = x,tan ¢ —————
4z

max

Again we obtain a quadratic expression for u = x, tana which we solve as before. This

time, though, the first result for u is the correct one to use ...
u=z  &=~h,and we obtain ...

hO
tan @

=11.9ft

x0:

4.12 The x and z positions of the ball vs. time are

xzvotcosla, z:votcosleo siné, —lgt2
2 2 2

) 1
Since v, =v, cos—6,
2

2
) . 1, .
The horizontal range is R= Y. cos’ —6 sin26.
g

The maximum range occurs @ j—g =0

2
AR =Y [ cos? l6’0 cos26. —coslﬁo sinléo sin26. [=0
dg, g 2 2 2
, 1 1, .1 .
Thus, 2cos 590 cos26. = COSEQ s1n56?o sin 26,

Using the identities: 2cos’@ =1+cos26, and sin26, =2sin@, cosb,
We get:
(1 +cos0, )(2 cos’ 0 — 1) =sind, sinf, cosl = (1 —cos’ 0, )cos 0,

or (1+cos6’o)(3cos2 Go—coseo—l)zo

Thus coséd =-1, cos@ozé(lix/ﬁ)

Only the positive root applies for the &, -range: 0<6 < %
cosf. =%(1+\/ﬁ)=0.7676 0 =39°51'

Thus (b) for v. =25ms™ R__=554m @6, =3951'

max
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(a) The maximum height occurs at @ =0

dt
1 )
1 v, cos—6, sinf,
v, cos—6 sind, =gT orat T =
2 g
v? 1
or H= 2;cos2 —@.sin” 6. maximum at fixed 6,
8
. . . dH
The maximum possible height occurs @ Tm =0
a
2
aH _ L(Z cos’ 1190 siné. cos . —cosl&, sinlﬁo sin’ Goj =0
da  2g 2 27y

Using the above trigonometric identities, we get

(1+cosd,)sind, cosd, = %sin 0.sin’ 0 = %sin 6. (1 —cos’ 00)
or sind, (1+cos@,)(3cosd, —1)=0
There are 3-roots: sind. =0, cosd. =—1, cosb. = 1

The first two roots give minimum heights; the last gives the maximum

Thus, H,_, =189m @6, =cos™ % =70"32'

4.13  The trajectory of the shell is given by Eq. 4.3.11 with r replacing x

V4 . . :
z=+’r—2g—'2r2 where 7 =v cosf. z =v siné.
r, r
gr
Thus, z=rtan6, —S—sec’ 0,
2v;
Since sec’d. =1+tan’ 6.
We have:
2 2
r r
g—ztan2 0 —rtanf +z+ g —=0
2v; 2v;
(r,z) are target coordinates. .
The above equation yields two possible roots: 0.5
: | 0.4 L ZdTs-.z,(r i
tand =—| v’ J_r(vf —2gzv: - g*r’ )2
ar
. 0.2/ zly iz 4
The roots are only real if
vi-2g2v7 — g’ >0
The critical surface is therefore: 0.0 0 0 0.5 1
4 2 2.2
v, —2gzv, —g'r" =0 0 r 1

4.14 If the velocity vector, of magnitude s, makes an angle & with the z-axis, and its



projection on the xy-plane make an angle ¢ with the x-axis:

Xx=Sssinfcos¢ , and F_=F sinfcos¢=mi
y=ssinfsing , and F, =F,sin@sing =my
z=scosd , and F, =-mg+F, cos@=mz

Since F. =—c,s" = —c, ()'cz +3° + 2 ) , the differential equations of motion are not

separable.
mi = —c,s” sin @ cos ¢ = —c,$x
dc  dx ds  .dx

M—=M— - —=mS — = —C,8X
dt ds dt ds

d_'x =—Ss= —yds , where ¥ =&

X m m

Inx—Inx, :ln,iz—ys

xQ
x=xe” «
Similarly y=ye”
415 From eqn 4.3.16, (i+%j%+%1n(1—”,ﬂj: 0
yor) x v X,
woouw
From Appendix D: ln(l—u)z—u—?—?—... for |u|<1
2 2 3.3
In l_y'xmax =_7xmax _ 7 Xinax _ 7 Xnax + terms in }/4
X X 2%° 3%
. 2 3
ZoX nax + EX max _ EX max _ EX max _ 87 X max + terms in }/2 =0
X, VX, yx, 2x%° 3%
. ..
r2nax +ﬁ max - 3xo Zo ~ 0
2y gy

Since x,_, >0, the + sign is used.
From Appendix D:

1

- \2 . . \2

072 Py 8ra 1PIOrZ ) in a
3g 3g 8\ 3g

3% 3% 2%z 8iyE

4y 4y g 3¢’

max

+ terms in »°
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.o )
2xz, 8x.z:
X =

max

e
g 38
For z =vsina and 2%z =v'sin2a:

_vlsin2a 4y’ sin2asina

x —
" g 3¢
4.16
x=Acos(wt+a), x=-Awsin(ot+a)
from x =0, a=0
from x =4, x = Acoswt

y=Bcos(wt+f), y=-wBsin(wt+/f)
1 1 1

L IB = LR 4L
5 S+ m.

with y =44, y, =3wA anda)=\/E:
m

B> =164+ %(9(021‘12) =254’
@
B=54
Then 4A4=5Acosf and 3wA=-5wAsinpf

[ =cos” 2 sin =3 =360
5 5

y=54 cos(a)t —36.9°)
Since maximum x and y displacements are =4 and 54,
respectively, the motion takes place entirely within a
rectangle of dimension 24 and 104 .
A=p-a=-369"-0=-36.9

From eqn 4.4.15, tanZ(//:w
4B GA+Y
10 2
(24)(54)cos(-36.9") 3 .
tan 2y = i _ _ 1 .
A*~(54) 24 3 y
1 ) : ) \ /
=—tan | —— |=-9.2
vz (5)
417 mi=F - e —mx
ox

X= Acos(\/zt+a]: Acos(zt+a)
m
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oV

my = —— = —4x’mx
Y £y
y=Bcos(2zt+ f3)
m'Z'=—6—V=—97r2mz
0z
z=Ccos(37zt+y)
Since x=y=z=0 at ¢=0, a:ﬂ:y:—%

szcos(m—%j:Asinm

x = Arx cosxt

. 2.2, 2 k2 S
Since v, =x"+y +z and X, =y =z,

vO

X =—==Ar
V3
v
A=—
3
xX= Y. sin izt
73
y=Bsin2xt, y=2Bmcos2xt
) v
y,=—==27B
3
v
B=—=
27r\/§
v )
y=—"+=sin2xt
27Z\/§
z=Csin3xt, z=3Crmcos3rnt
v
z, =—==3Cr
NG
— VO
37z\/§
v, .
z=—"—sin3xt

371«/5

Since , =7, @, =27, and @, =37 the ball does retrace its path.

_27n;  2mn, 2mn,

min - -
w w w

X y z

The minimum time occurs at n, =1, n,=2, n, =3.
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4.18

4.19

Equation 4.4.15 is tan 2y = %
Transforming the coordinate axes xyz to the new axes x'y’z" by a rotation about
the z-axis through an angley given, from Section 1.8:
x'=xcosy + ysiny, y'=—xsiny + ycosy
or, x=x'cosy—y'siny,and y=x'siny+ ) cosy
x’ 2cosA y?

From eqn. 4.4.10: Z_—x +<—=sin’ A
a 2 2T B

Substituting:
1

?(x’z cos”  —2x"y cosysiny + y'* sin’ 1//)
2cosA
AB

[x’2 cosy siny +x'y’ (0052 w —sin’ l//) —y"* cosy sin 1//]
1 . . .
+?(x'2 sin’ iy +2x"y' cosy sin iy + y'* cos’ l//) =sin’ A

For x' to be a major or minor axis of the ellipse, the coefficient of x'y" must
vanish.
2cosysiny  2cosA
4 4B
From Appendix B, 2cosy siny =sin 2y and cos” y —sin’ i = cos 2y

2cosysiny
— =0

(0052 w —sin’ w) +

_sin2w_2cosAcos21//+sin21// _0

A* AB B?
can 2{//(L_Lj _ 2cosA
B> A AB
2ABcosA
tan 2y = 5

Shown below is a face-centered cubic lattice. Each atom in the lattice is centered
within a cube on whose 6 faces lies another adjacent atom. Thus each atom is
surrounded by 6 nearest neighbors at a distance d. We neglect the influence of
atoms that lie at further distances. Thus, the potential energy of the central atom
can be approximated as




n :[(d—x)2 +y2+zz};

a 222 )2
rfa:(dz—de+x2+y2+zz) 2 =d"( (I YAy Az +y2+z j
d d

From Appendix D, (1+x)" :1+n)c+%n(n—1)x2 +...

2 2 2
rl_a:d_a l_g _E_{_w +l _a _g_l
2 d d 20 2 2
2 2 2 2 2 ) 2\? 3
(—Ej —2(2—)6) al +y2+z 4 X +y2+z thermsinx—3
d d d d d
pe=gel] &4 (x2+ 2+zz)+g 2 4xz+termsinx—3
1 d 22V 7 4 FE FE
-a _ g-a ax a 2 P > a o 5
n'=d {1+7—2d2 (x +y 4z )+?(E+ljx}

1

r2:[(—d—x)2+y2+zz}5=[d2+2dx+x2+y2+22}2
2 2, .2 ‘%
nt=d" 1+§+—x +y2+Z
d d

—a _ j-a ax a5, o2, 2\, | 2
n~d {1—7—2612 (x +y +z )+?[5+ljx}

e+ =d” 2—%(x2 +y° +22)+%(a+2)x2

Similarly:

R+ =d” 2—%(x2 +y° +zz)+%(0{+2)y2

RCrr =d™” 2—%(x2 +y° +zz)+%(0{+2)22}

Vaed™ 6—2—0;(x2 +3° +zz)+(3—z+2—?J(x2 +3° +zz)}
~6cd * +cd (az —a)(x2 +y° +z2)

VzA+B(x2+y2+22)

4.20



B
my=Ev=qE—qch=qE—qB[xo+%y

. 2
yzﬂ_ﬂ_(ﬁj vl

1 ek

2
@

m
y=—Awsin(wt+0,)

».=0, so 6 =0

1 E )
v,=0, so A=——2(—e—+a)xo
) m
y=a(l-coswr), a=%
)

)

_ eB

y:—(——+a)xoj+Acos(a)t+t9°)

eBx. (ijz
-l =1y

[

=q(E+\7><l§)
Wx B = (fk+ jy+ k2 )< kB = B - jiB
F =igyB+ jq(E—%B)

m

——+wa)

m

B
jc:jcoJrq—y:jco—a)yz)'co—a)a(l—cosa)t)
m

x = (% —wa)+wacos ot
x=(x,—wa)t+asinwt
x=asinwt +bt ,
mz=F =0
z=zt+z =0

4.21

b=x —wa

1 , b
—mv- +mqgh =mg —
2 1 g2
vzzg(b—2h)

2
F :—m[: =—-mgcosf+R

r




h mv'  mg mg
R=mg————=—=>|h—(b-2h) |=—=(3h-D
the particle leaves the side of the sphere when R =0

h= g ,l.e., % above the central plane

4.22 %mv2 +mgh=0
at the bottom of the loop, 4 =-b

| R
so —mv- =mgb,
> g

+ v=./2gb
2
........ my
b F =-mg+R= P
» bl CLLL sz
% R=mg+ 5 =mg +2mg =3mg

4.23  From the equation for the energy as a function of s in Example 4.6.2,
E=lms2 +l e 52,
2 2\ 44
s 1s undergoing harmonic motion with:

L /izl\/é
m 44 2\ 4

Since s =4A4sing, ¢ increases by 27 radians during the time interval:

=2 2;{2 ﬁJ
@ g
For cycloidal motion, x and z are functions of 2¢ so they undergo a

complete cycle every time ¢ changes by 7. Therefore, the period for the

cycloidal motion is one-half the period for s .

T:lT’:27r 4
2 g
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CHAPTER 5
NONINERTIAL REFERENCE SYSTEMS

5.1 (a) The non-inertial observer believes that he is in equilibrium and that the net force

acting on him is zero. The scale exerts an upward force, N , whose value is equal to the
scale reading --- the “weight,” W’, of the observer in the accelerated frame. Thus

T N N+m§—mz?10:0
g 5

N-mg—mA,=N-mg-m==N—-—mg=0

i g —md, g=—my 28
W'=N=%mg=%W

b
@ W' =1500b,
mg (b) The acceleration is downward, in the same

direction as g

Nemg+m|&|z0 w=w-" 3w
4 4 4
W' =90ib.
52 (a) F

For & L7, F,,
®=500s"=10007 s

F,, =10°x(10007) x5¢ =57z dynes outward

F, mo*r (1000z)°5

F, mg 980

=—mdx(&xF')

= ma)zr’ér,

=5.04x10*

(b)

5.3 m§+f—mzzlo =0 (See Figure 5.1.2)
—mg}+TcosHj+Tsin¢9§—m(%jf:O
T'cos@ =mg, and Tsin9=%
tanH:L, =571
10

r=""8

=1.005m
cosd &

5.4  The non-inertial observer thinks that g’ points downward in the direction of the
hanging plumb bob... Thus
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- - ~ g
g§=8-4=8J 10

For small oscillations of a simple pendulum:

T=27Z'\/I’
g
2
g = g2+(£j ~1.005g
1 :1.9957:\P
g

0
1.005¢g

—

T=2nx

5.5 (a) f =-umg is the frictional force acting on the

(b)

(a)

5.6 (a)

(b)

/
TN . 4+
box, so U U

]7 — mgl0 =mad' (d’ is the acceleration of the box relative to the truck. See

Equation 5.1.4b.) Now, f the only real force acting horizontally, so the
acceration relative to the road is

m
gL A _ &
m m 3

(For + in the direction of the moving truck, the — indicates that friction opposes
the forward sliding of the box.)

A = —% (The truck is decelerating.)
from above, ma —mA, =ma' so
a=a-A=-218_-8

3 2 6

7 =1(x +RcosQt)+ jRsinQt

7 =—iQRsin Qf + JOR cos Qt

For=v'=Q'R’ . v=QR circular motion of radius R
F=F—@x7 where 7 =ix'+ )

= —iQRsinQr + JOR cos Qf — wh x (fx' + ]’y')
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=—iQRsinQt + JQORcosQt — jox' +imy'
x'=wy —QRsin Qf
V' =—wx"+ QR cosQt

(c)Letu' =x"+1y’ here i=+/-1!
u'=x"+iy' =wy' — QRsin Qt —iwx' +iQR cos Ot

iou' = =-wy +iox'
S +iou = —QRsin Qt +iQR cos Qt = iQRe™

Try a solution of the form
u! — Ae*i(ut +BeiQt
i =—iwAe"” +iQBe™

iou' =iwAe™ +iwBe™
, QR
s’ +iou' =i(w+Q)Be™ so B=
w+Q

Also at ¢ =0 the coordinate systems coincide so

u'=A+B =x'(0)+iy'(0)= X, +R

LA=x +R-B=x +R- QR so, A=x + OR

@+Q w+Q
Thus, u'= {x@ + @R }e"’”’ +ﬂe’m
w+Q w+Q

5.7  The x, y frame of reference is attached to the Earth, but the x-axis always points
away from the Sun. Thus, it rotates once every year relative to the fixed stars. The X,Y
frame of reference is fixed inertial frame attached to the Sun.

(a) Inthe x, y rotating frame of reference

x(t)=Rcos(Q-w)t—R,
y(t)=—Rsin(Q-w)t
where R is the radius of the asteroid’s orbit
and Rg is the radius of the Earth’s orbit. Q
is the angular frequency of the Earth’s

revolution about the Sun and o is the
angular frequency of the asteroid’s orbit.

(b) x(1)=—(Q-®)Rsin(Q-w)t—>0 at =0
y(1)=—(Q-w)Rcos(Q-w)t > —(Q-w)R at 1 =0
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A, A, are the accelerations of the asteroid and the Earth in the fixed, inertial frame

of reference.

1": examine: A—A —-QxQx¥7

Therefore:
(+J7) = (Q" -0 )| iRcos (Q-w)t - jRsin(Q- o)t | -2/ +2iQj
Thus:
#=(Q° -’ ) Reos(Q-w)t +20Qp
§=—(Q" -0 )Rsin(Q- )t - 20
Let ¥=(Q-w)y and j=(Q-w)x
Then, we have

y=(Q—a))Rcos(Q—a))t+ 202

Q-w

) v which reduces to

y=—(Q-w)Rcos(Q-w)t

Integrating ... |y=—-Rsin(Q-w)f|—>0 at 1=0

Also,
~%(Q-0)=—-(Q' -0’ ) Rsin(Q- o)t - 20k

or x=(Q+w)Rsin(Q-w)t+20x
x=—(Q-w)Rsin(Q-w)t

Integrating ... x = Rcos (Q — a))t + const

x=Rcos(Q-w)t—R,|>R-R, at 1=0

Relative to a reference frame fixed to the turntable the cockroach travels at a
constant speed v’ in a circle. Thus

Since the center of the turntable is fixed.

Y 4=0
The angular velocity, o, of the turntable is
constant, so
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For no slipping ‘F‘ <pumg, So |Ez| <ug
12
%+2a)v'+ba)2 Sug
V' 24 20bv +b*0* —bu g =0

vl = —wb+ &b’ —b*0’ +bu,g

Since V' was defined positive, the +square root is used.

v, =—wb+.bu.g

(b) V=8,

OxXV =+wv'e,

12
v
a, =— . +20V' —bw*

7

12
V?— 20V +bw’ < g

v, =wb+.\/bu.g

. — V; N = Voz ]
5.9 AsinExample 5.2.2, ®=—;" and 4 =——i
P P

For the point at the front of the wheel:

@=0
C?)XF’:E](A’ (_bﬁr):@;/
P p
2
ox(xi)=Lpx 2y L
P P P
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5.10 (See Example 5.3.3)
ma’x' = my'
x'(t)=Ae™ + Be™
X'(t)=wAe” —wBe™

Boundary Conditions:

!
2(0)=—=A+RB
x()2 +

aa=t gl
4 4
(a) x’(t):écosha)t x’(t):a)ésinha)t
by (7= é +é = écosh oT  when the bead reaches the end of the rod
.coshaT =2 or 7=Looshio=1317
o ®

(c) X'(T)=a)ésinha)T

- oL sinh [cosh™'2]= a)i(l 732) = 0.866!
2 2

/ 1 wl
— h*wl —1 |2 =3 — =0.866wl
or wz[cos @ J NE) 5 )

511 V' =400, mph=586.67;" ft-s™'
67):7.27><10_5(cos41°j’+sin4l°l€') s

dx V' =—(727x107)(586.67)(sin41°)7" ft-s~
E,, _|2mdxy|
Fo mg
2(7.27x107)(586.67)(sin 41")
32
For _0.0017

grav

The Coriolis force is in the —@x V' direction, i.e., +i’ or east.

5.12 (See Figure 5.4.3)
@ = a)y,j" +a k'

=

_ N 27
Vi=vi' v,
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-~ = 2 “r )
OXV == Vi +@.v, ] -0,k
~r

= = _ e
(@xV'), =-oVi+o.v,)
1

1

o (2.2 2.2\ _ 2 2\7 _ '
‘( xV'), |= (a)z,vy, + a)z,vx,) =, (vx, + vy,) =@,V
o = =
F,  =-2maoxv

=2m|(@wxV') |=2mw’v', independent of the direction of V'.
cor b
horiz horiz z

5.13 From Example 5.4.1 ...
1

3\2
x,@zlw(%j cos A and y, =0.
3 ¢

1
3 43\2
8x1250° ft ] cosal’

X! =1(7.27x10*5s*1) E
"3 32ft-s

x, =0.404 ft to the east.

5.14 From Example 5.4.2:
H? | . . . L
A= @ |s1n /”L| 1s the deflection of the baseball towards the south since it

VO
was struck due East at Yankee Stadium at latitude 4 =41" N (problem 5.13). vy is the
initial speed of the baseball whose range is H. From eqn 4.3.18b, without air resistance
in an inertial reference frame, the horizontal range is ...

B V2 sin 2a
g
Solving for vy ... v, 2( 'gH Jz
sin 2a

1

g2 2

) = 32ﬁ§ x 200 ft 113 fi-s"
sin 30°

(7.27x10757)(200° #*)

113 ft-s™
A deflection of 0.2 inches should not cause the outfielder any difficulty.

sin41" =0.0169 ft=0.2 in

~
~

5.15 Equation 5.2.10 gives the relationship between the time derivative of any vector
in a fixed and rotating frame of reference. Thus ...

= ( di J ( di ] I
r = — = — +wXxa
dt fixed dt rot

A =F+&xF +2&xF +dx (D7)
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5.16

5.17

da g, LN A A -3
— | =FH+oxF+DOXF +20xF +20x ¥
dt rot

+a3x((?)x17')+a)x(a)xr )+5)x(a")x17’)
Oxi=dxF +dx(0xF )+ 20x(&x7 )+ ox[ dx(&x ') ]

to @ and 7' . Let this define a direction 7 :

Z
Q
=
B
X
Ny
—

Since @& Ln,wx(dxr ) is in the plane defined by @ and 7' and

asxﬁ||cax?'|:a)

X
Since @ L a?x(c?)

@x[@x(ax
And @ ><|: % (@ ]15 in the direction —7
Thus  &x[@x(dx7")|=-a’ (@xF')

Bxi=0x7 +ox(OxF )+ 20x(dxF ) -0 (0x7')
F=F +@xF +3&xF +3Dx 7 +a)><(c?)><?')

Rox(dx7)+30x(axF)- 0 (Gx7)

With x' =y =z =x'=3'=0,and z/ =v/ Equations 5.4.15a — 5.4.15c become:

X' (t)= %a)gf cos A—wt’V cos A
y'(t) =0
Z'(t)= —%gl‘2 +V't

When the bullet hits the ground z'(¢)=0, so

2V
t=
g
1 8 13 4 12
x’:—a)g( v‘; Jcos/l—a)( V°2 }v:cos/”t
3 g g
4
x'=— v’ cos A
3g’

x' is negative and therefore is the distance the bullet lands to the west.

With x' =y =2z'=0 and x'=v.cosa 7y =0 z =vsina
we can solve equation 5.4.15c to find the time it takes the projectile
to strike the ground ...
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1 )
z'(t):—Egt2 +v'tsina+wvt*cosacosA=0

2V sina 2v'sina

or t= ; ~
g—2wv. cosacos i g

We have ignored the second term in the denominator—since v/ would have to be
impossibly large for the value of that term to approach the magnitude g
For example, for A =41° and «a=45° g-2wv cosacosi=g—wVv

g km

or VxS ~144—
1) s

Substituting t into equation 5.4.15b to find the lateral deflection gives
r3

v i
——sin Asin’ a cosa

y(1)=—[wv, cosasin A]* = -
g

5.18 Let... a, = acceleration of object relative to Earth
a, = a)l€ = its angular speed

X A = acceleration of satellite
@ =

wk = its angular speed

Qi
Il
Ql
|
Nyl
|
o
]!
X
<
|
!
X
]!
~i

As in problem 5.7 Evaluate the term ...
A, :ﬁo—;10—(?)xc?)xf:@Ox@Oxﬁo—@x@xﬁ—@xi)x(

* *
. R A, = (coz —~ a)z)Ro

.. given the condition that ~@’R’ = @’R’

but R =(R+7) (R

3 3

3 , 3

and R’ zR3[1+§j2 or R_3=(1+2_x) ’
R R

j ~ 3w x% —3w’xi for small r

:u|><
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5.19

5.20

Hence: G = A, -2 % = ~30"x1 - 20k x (it + )
d=1ix+ Jy=-30xi +20yi - 20%]

So ¥—2w9-3w'x=0
V+20x=0

m#:qEJrq(ﬁxé)

Equation 5.2.14 F=F +@xF +20xV +dx (&%)
Equation 5.2.13 Vv=V+aoxF
H=—-LB so&=0

2m

m#’—q(éxv)—%éx(@x?)zqE+q[(V+@x?’)x1§]
4

(&x7')x B =qE+q(V'xB)+q(dx7)xB

— (r')(siné’)(B) o« B*

SIS
—~
Q&
X
4
N—"
Il
(NSRS
7~ N\
N
3
N—

Neglecting terms in B>, mr' = gE

For x'=xcos@'t+ ysinw't

y' =—xsinw't+ ycosw't
X' '=Xcos@'t—x@'sinw't+ ysinw't + yw' cos @'t
Y =—xsin@'t —xo'cos @'t + ycos @'t — yo'sinw't
X'=xcosw't+ysinw't+w'y'
y' =—xsinw't+ ycosw't—w'x’'
¥'=Xcos@'t—xo'sin@'t+ ysinw't + yo'coso't+ o'y’
V' =—Xsinw't —xo' cos@'t + ycosw't — yo'sinw't — w'x’
¥ =¥cos@'t+ ysinw't+20'y + " x'

' =—Xsin@'t + ycosw't —20'x' + w0y’
Substituting into Eqns 5.6.3:

¥cos@'t+ ysinw't + 20’y + " x'

= —%xcosw't—%ysin o't+2w'y'

¥sinw't+jcosw't —20'x + 'y’

= +§xsin 't —%ycos @'t—2'%'
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5.21

5.22

Collecting terms and neglecting terms in @' :

(X'Jr%xjcosa)'t%{j}+§y]sina)'t=0

(5&+%xjsina)’t—(j}+§y}cosa)’t:O

T = 24 hours
sin A

T = .24 =73.7 hours
sin19°

Choose a coordinate system with the origin at the center of the wheel, the x" and
y" axes pointing toward fixed points on the rim of the wheel, and the z' axis

pointing toward the center of curvature of the track. Take the initial position of
the x' axis to be horizontal in the —V direction, so the initial position of the '
axis is vertical.

The bicycle wheel is rotating with angular velocity % about its axis, so ...

@, :12'%

A unit vector in the vertical direction is:

N oy Vs, 't
n=i sm?+] cos ——

b
At the instant a point on the rim of the wheel reaches its highest point:

F'=bn= b[f’sinﬁ+}"cosﬁj
b b

Since the coordinate system is moving with the wheel, every point on the rim is
fixed in that coordinate system.

=0 and 7 =0
The x'y'z" coordinate system also rotates as the bicycle wheel completes a circle
around the track:

- AVG V;(’-‘r . V;t "~ I/;tj
W, =n—=—|1sM—+ ] COS?

P P
The total rotation of the coordinate axes is represented by:
L Vo(f,. Vi s, Votj V.
D=0, +0, =—|1sin—+ j'cos— [+ k'—
yo, b b b
= Voz (’-‘! Vot s Votj
@ =——|1icos——— j'sin——
pb b b
2 2
DXF = L(k'cosz QJr k'sin’ Ej = V—"k’
p b b) p
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0
Y o, Vb(  VE Vit o~ .Vt Vi N VE s Vi
o xr =——| k'sin—cos———k'sin—cos— |+ V| j'sin——i cos——
b b b b b b

2 2
~, ~ N A Vit
ox(dxr')= V;(k'sm2 Ly Ej+V;(—i' smﬁ—j'cos—°j
P b b b b b
2 2
c?)x(c?)xf') = k'V#—ﬁVL
o, b
Since the origin of the coordinate system is traveling in a circle of radius p:
2
A = s
P

F=F+@0XF +20XF ++@x(OxF)+ 4,

2 2 2 2
P :k’V—+k’VL—ﬁV—°+k’V—
p p b p
2 2
foslep Yoy
o, b

With appropriate change in coordinate notation, this is the same result as obtained
in Example 5.2.2.




CHAPTER 6
GRAVITATIONAL AND CENTRAL FORCES

6.1 m:pV:,ogme3

1
3m )
=1 "7—=
4rp
2 z
Fe Gmm Gm’ (47[,0)3 :§(4ﬂpj3 -
3m 4

C(en)y 4 3

2
11 2. -2 . -3 6 )3 !
:6.672><10 N rrjz kg (4rx11.35g-cm y llig ><10 07371 x(lkg)5
4x9.8m-s 3 100g 1m

=2.23%x10""

Siw Sy S

6.2 (a) The derivation of the force is identical to that in Section 6.2 except here r <R.
This means that in the last integral equation, (6.2.7), the limits onuare R —rto R +r.

) 2 p2
F:Gmﬂij 147 2R ds
4Ry

R-r Ky
2 2 2 2
=ij\24{R+r—(R—r)+R —" —R —" }
4Rr R+7r R-r
F:jzl{‘;[[2r+R—r—(R+r)]:O

(b) Again the derivation of the gravitational potential
energy is identical to that in Example 6.7.1,

except that the limits of integration on s are (R—r) —> (R+7).

27pR* (R
rR IR
27pR’
=-G R+r—(R-r
PR (k1))
2
4rRp _ G M
R R
For r <R, ¢ is independent of r. It is constant inside the spherical shell.

¢p=-G ds

$=-G

GMm .
r’ &

63 F=-—
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The gravitational force on the particle is due only to the mass of the earth that is
inside the particle’s instantaneous displacement from the center of the earth, r.
The net effect of the mass of the earth outside r is zero (See Problem 6.2).

4
M =—nr
/:./' N T 3 p
'F //v\l = 4 ~ ~
\ J F = -3 Grnpmre, =—kre,

The force is a linear restoring force and induces simple
harmonic motion.

T:2_7r:27[\/i:27z 3
@ k 4Grp

The period depends on the earth’s density but is independent of its size.
At the surface of the earth,

mg = =2 2R
R R 3 °
4Gmp _ g
3 R
6
T=27|R _op 6'38><10_2’"x Vhr 1 ahr
g 9.8m-s 3600 s
6.4 F, =—G—A/21mér,where M =i72'7"3,0

r

The component of the gravitational force perpendicular to the tube

is balanced by the normal force arising from the side of the tube.
The component of force along the tube is
F. =F,cos6

The net force on the particle is ...

F=-i g Grpmr cosd

rcost =x

F = —f%Gﬂpmx = —ikx

As in problem 6.3, the motion is simple harmonic with a period of 1.4 hours.
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GMm_mv2 < , GM

6.5 > Vo =—
r r r
for a circular orbit », v is constant.
2rr
T=—
v
4r*r*  4r?
T2 — 5 — 7"3 oC 7"3
v GM

66 (2) T=22"
A%

From Example 6.5.3, the speed of a satellite in circular orbit is ...

1
2\2
v= —gR"
B

1
2 2 E
(T gfej
4
3 1
[ T?’g P (24*hr?x3600° s’ - hr?x9.8m-s7 3
47°R 4776.38x10° m

e

3
272r2 27 (60R.)2 SR
_ 7lzr _ (1 ) o 60" R,

2R, 2R, g

1
60’ x6.38x10°m 2
=2z = 22 2 2, 2 )
9.8m-s7x3600°s" - hr" x24" hr” -day
T =2727day = 27 day

b) T

6.7  From Example 6.5.3, the speed of a satellite in a circular orbit just above the
earth’s surface is ...

v=4/gR,
T 27R, o R,
v 4
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This is the same expression as derived in Problem 6.3 for a particle dropped into a
hole drilled through the earth. 7 ~1.4 hours.

6.8 The Earth’s orbit about the Sun is counter-clockwise as seen from, say, the north
star. It’s coordinates on approach at the latus rectum are (x, y) = (ga, —a) .

. : . 1 .
The easiest way to solve this problem is to note that & = P is small. The

orbit is almost circular!
 GMgm _mv’? GM

i - and v* = /_‘_\
r r r
with r=a~a~=b when ¢=0 °e
o v
vz(GMsz?)-lO“ﬂ \—\—J"L/ﬁ

(24 S

More exactly

2
|Fx17|:avcosﬂ=l,but azmT (equation 6.5.19)
& 1
Since k=GMm a= ,  hence I =avcos f=(aGMj):
GM
1
or e (GMS JZ 1
a cos
The angle £ can be calculated as follows:
2 2
z—z + % =1 (see appendix C)
dy b* x
L= and at (x,v)=(&a,—a
2.5 (v.3)=(s0.-)
2 2 2
SO Q:b_zﬁ:b—z%:g sincel—gzz—2
dx a a a (1—5 ) a
dy
here o =tanf=¢ or f~¢ (small €)
x

(24 Cos¢&

1
GM )z 1 (GMS
a

1
and V= ( ]2 as before.

69 F(r)=F.+F,

FS:_GJ\/zlm
7
GM m

F,=— rzd

The net effect of the dust outside the planet’s radius is zero (Problem 6.2). The mass of
the dust inside the planet’s radius is:
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— ——npmGr
r
610 u=L=Low
ror
du _ K o
do r
du kK _
¢
From equation 6.5.10 ...
2
d—bzl+u:k2u+u=—

u

(="

1

f(ut)=-ml (K +1)u’

2
u

S(u)

The force varies as the inverse cube of r.

From equation 6.5.4, r’6 =1
d_gzie—zke
dt r’
e’’do = Lza’t
r,
LeZkQ :l_t+C
2k v
6= 2L,
2k

K
0 varies logarithmically with t.

611 f(r) LI

=
-
From equation 6.5.10 ...
d*u 1
=— k' =——
do’ ml*u®
2
d th +(1+ kz)u=0
de ml
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2
If (1 +LJ <0, Z;j —cu=0, ¢ >0, for which u =ae” is a solution.

2
If (1+ij=o, u_
do

2
If (1+—2j>0, dl;+cu=0, c>0
ml do

u= Acos(\/E0+5)

-1
r :{Acos[,/l—k k2(9+5ﬂ
ml

6.12 u:lz !
r r.cost
du _ sind
d@ rcos’6
du 1 1 2sin’ @ 1 2-2co0s* @ 1 2
7 + 3 = 1+ 2 = 1
dg” r\cosd cos d r.cosd cos” ¢ r.cos@\ cos 4
d’u 22 23
:u(2rou —1)=2rou —u
do’
Substituting into equation 6.5.10 ...
2.3 _ 1 -1
2r’u —u+u——Wf(u )
f(u’l) =2r’ml*w’
2r°ml?
f(r):_ G

6.13  From Chapter 1, the transverse component of the acceleration is ... a, = r + 270

If this term is nonzero, then there must be a transverse force given by ...
1(0) = m(rf +20)

For r=a6,and O =>bt
f(@) =2mab”* #0

Since f(0)#0, the force is not a central field.

68



For r = af, and the force to be central, try 8 = bt"
f(é’) = m[2abznzt2”’2 +ab’n (n - l)tz”’z}
For a central field ... f(60)=0

2n+ (n ~ 1) =0
1
n=—
3
1
0 =bt’
6.14 (a)
. + Calculating the potential energy
Y dv 4 4
b ——=f(r)=—k| =+—
a » dr f( ) (r3 r j

2
Thus, V =—k [%H’—J

4
r- 4r

The total energy is ...

E:T°+VO:lvf—k %+L2 _L 9_"2j_9_k2:0
2 a” 4a 2\ 2a 4a

Its angular momentum is ...
PP =a* = % = constant = r*6*
ItsKE is ...
T :%(f’2 +r292) = %Kj—;jz + rz:léz = %Kj—;jz +r2}i—i

The energy equation of the orbit is ...

2 2 2
T+V=0=l (ﬂj +r l—4—k %+a—4
21\do 7 r r
2 2
= (ﬂj +7° 9—k4—k %+a—4
do 4y r- 4r
2
or (KJ :l(az—rz)
do 9

Letting r=acos¢  then % =—asing—

So (ﬁj :l .'.¢=lz9
de 9 3
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Thus r:acoséﬁ (r:a@é?:O")

(b) at = 37 r — 0 the origin of the force. To find how long it takes ...

av, v,

2
o=

" 4%cos® l6? acos’ 19
3 3
dtzicoszéﬁdﬁ

VO

3z

2
T = Ii008219d9=
o V. 3

1
Since v, =( 9k2 jz

2a

I 1
4 Ok 4 \k

(c) Since the particle falls into the center of the force

3a
v

o

cos’pde = 3za
4v,

O 0 [ N

V—>© (since [ =vr, =const)
2
6.15 From Example 6.5.4 ... £:( 21 J
Ve n+r,
1
2
. Y 2
Letting V =— we have V =| ——
v r
¢ I+
I
v 1 N
So: = | 2|1+ ] |-
dr, 2V r n
av
Thus 4 = 1 ! 2£:l 1 2
(d’/iJ 1+£ ”i 2[14_’2]”
" : 7 7
1+
I
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h ,

L [ﬁj 2 (dVVj 2(60)1% =120%!
14

The approximation of a differential has broken down — a correct result can be obtained by
calculating finite differences, but the implication is clear — a 1% error in boost causes

rocket to miss the moon by a huge factor --- ~ 2!

6.16 From section 6.5, £ =0.967 and 7 =55x10°mi.

From equations 6.5.21a&b, rn=r, e

l1-¢
r 55%10°mi 14U
a=—(rn+n)=——= x —
2 I-¢ 1-0.967 93x10°mi
a=17.92 AU

3

From equation 6.6.5, 7 =ca®
3 3 3

r=1yr-AU ?x17.922 AU?
=T759yr
From equation 6.5.21a and 6.5.19 ...
2
e _om
To kr,

2
v, -1 and k=GMm

E =

GM
v, =
r

Mf

From Example 6.5.3 we can translate the factor GM into the more convenient
GM =a,’ ... with a, the radius of a circular orbit and v, the orbital speed ...

1 1
2 2 6. - 2
v = | Gee (pq1) | = 2210 967y
7 55%10°mi
v, =1.824v,

Since / is constant ... nv, =1y,

T l-¢ 1-.967

v==v, = v, =——x1.824v, =0.0306v,
n 1+¢ 1.967
6 .
b ~ 2ra, _ 271x93%x10° mi —=66,705 mph

T 1yr=365day - yr™' x24 hr - day
v, =1.22x10°mph  and v, =2.04x10’ mph
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6.17 From Example 6.10.1 ...

1

6:{1+(q2 —%)(quin(é)z}z where ¢ = and d =

a

e e

are dimensionless ratios of the comet’s speed and distance from the Sun in terms of the
Earth’s orbital speed and radius, respectively (g and d are the same as the factors V" and R

in Example 6.10.1). ¢ is the angle between the comet’s orbital velocity and direction
vector towards the Sun (see Figure 6.10.1).
The orbit is hyperbolic, parabolic, or ellipticaseis>,=,0r<1 ...

. 2.
1.€., as (qz _Ejls > =,0r<0.

2. .
(qz_ﬁj is>,=,or<0as ¢g°d is>,=, or<2.

6.18 Since /is constant, v, occurs at 7, and v, occurs at 7;,1.e. v, =V, and

X n

v_. =V, and form the constancy of / ... v, =v.r.

r, o
vminvmax :VIVO =_Vo
r
, k
rv: =—(e+1) (See Example 6.5.4)
m
2
From equation 6.6.5 ... ﬁzGMO :[2&] a
m T
2
- :(27mj .a(g+1)
T I
) 1+¢ .
From equation 6.5.21a&b ... r, =7, . With 2a=r +n:
-
+1 + +1 -
Cl(g )=l(l’; I’i)({;‘ ):l £+1 (g+1):l (1_8]4_1 (g+1):1
n 2 n AR 2[\1+e¢

2
2ra
vmin vmax =
T

6.19  As aresult of the impulse, the speed of the planet instantaneously changes; its
orbital radius does not, so there is no change in its potential energy V. The instantaneous
change in its total orbital energy E is due to the change in its kinetic energy, T, only, so

é‘E:5T=5(lmvzj:mvé'vzmvzﬁ:2Tﬁ
2 v v
9E _,0v
T v
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But the total orbital energy is

E=—X 5o sE=L s
2a 24’
Since planetary orbits are nearly circular
Vo~ _k and T~ *
a 2a
Thus, OF = T@ and 5—E :@
a T a

We obtain ﬁ = 2ﬁ

a 14

_ 1 oer
6.20 (a)V:;J.O Vdt

k
Vir)=——
()=
From equation 6.5.4, [ =0
do | r’dé
—=—ordi=
dt r

[Tvar=-[" @de
From equation 6.5.18a

a(l—gz)

1+&cosd
. ka(l-&%) .2z
[vas - ele) e _do
0 [ 0 I+&cosd
2
From equation 6.6.4 ... 7= 2na g

k=€ [ do

V=
27za 0 1+¢&cosé
J‘ 27[ 2
1+gcos:9 1-&

(b) This problem is an example of the virial theorem which, for a bounded, periodic

system, relates the time average of the quantity IZI_JFZ to its kinetic energy T. We will

derive it for planetary motion as follows:

%:[E-th:%imif_'-?dt:%!jﬁ-?dt
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Integrate LHS by parts
lr = _q. ¢ = 1= _
;[mr-r]‘o—;-([mrzdtz;-([F-rdt

The first term is zero — since the quantity has the same value at 0 and 7 .

Thus 2<T > = —<}7 -F> where < > denote time average of the quantity within brackets.

i ()= ()= () (B
hence 2(T)=—(V)

but <E>:<T>+<V>:_<L>+<V>:<%>

hence <V> = 2<E> but E= —Zi = constant
a
and (E):ledz=E=—i o 2E-_K
T 2a a
Thus: <V> = —k as before and therefore <T> = —1<V> = i
a 2 2a

6.21 The energy of the initial orbit is
1 k k

—my ——=E=——
r 2a

(1) V2= ﬁ(g_l)
m\r a
Since r, =a(l+¢) at apogee, the speed v;, at apogee is

Vlzzﬁ(# lj_ k (1-¢)

m\a(l+) a) ma(1+s)

To place satellite in circular orbit, we need to boost its speed to v, such that

lmvc2 _k = LS since the radius of the orbit is 7,
2 7, 2r,
Vo k k

Thus, the boost in speed Av, =v. —v,

c
1

@ {$} [1_(1_5)2}

Now we solve for the semi-major axis a and the eccentricity € of the first orbit. From (1)

above, at launch v=v, at r =R, , so
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a= R noting that ...
2—my> —E
k
@ =M,
mR, R,
a=—Be __ Re _ 44910 fom

B >\ 1.426
(2 B VO j
gRE

The eccentricity € can be found from the angular momentum per unit mass, /, equation
6.5.19, and the data on ellipses defined in figure 6.5.1 ...

I=r0=y (R, sin@o):[k_“}; [M]

=

m m

where v , 6, are the launch velocity, angle

Solving for € (using (3) above)

2 2

2=1-—> (2— Ve jsin26’°=0.795
gR, gR,

- e=0.892

Inserting these values for a, € into (2) and using (3) gives

@ Ay :{gRE(RE/aHZ [1—(1—3)5} = 4.61-10° k-5
&

1+
(b) h=a(l+&)-R, =2.09- 10° km {altitude above the Earth ... at perigee}

3, br —br —br
6.22 f’(r):—k( L L J:ke2 (bﬁj

r 7 7 7
f’(a):_[b_i_gj
f(a) a
From equation 6.14.3, y/:;{3+af,(a)]2 :ﬂ[3—(ab+2)]_%
/(a)
__
v 1—ab
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_GMm 4

6.23  From Problem 6.9, f'(r)= . —EﬂpmGr
r
, 2GMm 4
f (r)z — ——omG
r 3
5 4 drpa’
' 2GMma™ - — mpmG -2+
f'(a) _ 3P 3M
3
f(a) —GMma‘z—ﬂzrpmGa a 1+47zpa
3 3M

! 2
From equation 6.14.3, v = 7{3+a / (a)}

/(a)

1
— _l 3 _E
_2+747rpa3 ’ 1+4 dmpa
IM 3M
V=r 3+T = 4 3
14 P4 14 P4
L IM 3M
1
l+c )2 drpa’
[//:7[ , C =
1+4c IM

6.24

For a circular orbitat r =a, ¥ =0 so
dU

5 |r=a = 0
dr
For small displacements x from r=a,
r=x+a and F=X
From Appendix D ...

2

We differentiate equation 6.11.1b to obtain mi =—

dU(r)
dr

f(x+a):f(a)+xf'(a)+%f”(a)+...

dU d*U
Takin r)tobe —, f'(r)=
g f( ) dT" f( ) dVZ
Near r=a ...
dU dU d’Uu
— =t X— |t
dr dr dr
. d*Uu
mx=-x—-|__
dr?

This represents a “restoring force,” i.e., stable motion, so long as

2

> >Qatr=a.
>
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625 f(r)=22,2

3 5
r r

From equation 6.13.7, the condition for stability is f'(a) +% f'(a)<0
k ¢ a(2k 45)
-————+—| —+—|<0

2 4 3 5
a a 3

a a
k &
——+-—<0
3a a
&
—2<k

6.26 (2) f(r)=—k*
r
RERIR A\ BN
r r r r

From equation 6.13.7, the condition for stability is /(a) +§ f'(a)<0

—ba —ba
N [b+3j<o

2 2

a 3 a a
—ba —ba
—ke 2+kbe <0
3a 3a
b<l a<l
a b
k
®  f(r)=—%
, 3k
f(r)==¢
a ., k a3k
f(a)+§f (a)=—§+§(y)=0

Since f(a) +% f"(a) is not less than zero, the orbit is not stable.
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6.27 (See Figure 6.10.1) From equation 6.5.18a r =
I1+¢&cosf

and the data on ellipses in Figure 6.5.1 p=a(l—¢&) so
(1+¢)
1+&cosé
For a parabolic orbit, ¢ =1
The comet intersects earth’s orbit at » =a
__2p
1+coséd

2p
a

cos@ =—-1+—

6.28 (See Figure 6.10.1) 7T = j dt along the comet’s trajectory inside earth’s orbit

2
From equation 6.5.4, 20 = 1 Cj{f l 50 dt =" 70
r*dé
T =
15
a2
From equation 6.5.18a r = al=¢)
1+ ¢&cosf
and the data on ellipses in Figure 6.5.1 p=a(l—¢&) so
e (1+¢)
1+ &cosé
From equation 6.5.18b, with & =1 for a parabolic orbit:
__2p
1+ cos@
At 0 =2 the distance to the comet is 7 = = _2r =2p
2 1+cos =

2 2
From equation 6.5.19, o = %, where k =GMm ,so p= 5 !

As shown in Example 6.5.3, GM = av’

For a circular orbit, v, = 2ra
1 yr
I 1 301
+0, 1 d¢9 3 1
= = 2a) 2 p 277'dO yr
'[ I 1+cos6 ( ) P ”

where 6 =cos™ (—1 +2—pj from Problem 6.27
a

a(l-&%)
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T= yr
7m2 (1+cos (9)
From a table of integrals, ILZ = ltan£+ltan3 X
(1+cosx)

3
T=£(£J2 tani+ltan3i yr
T \a 2 3 2

T is a maximum when (2p+a)(a—p)? is a maximum.
j—p[(zpw)z(a-p)}:2(2p+a)(z)(a_p)+(zp+a)2(-1)

:(2p+a)(3a—6p)

T is a maximum when p =

a

2

2

Ey yr =77.5 day

1
T =£(2)(ljz _
RY/4 T
When p=0.6a
2

T= 3—(2.2)\/.04 =0.2088 yr =76.2day
/4
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AV k 3ke k
f(r):_;:r—z+r—4=r—4(l”2+3€)
, 2k 12ke 2k
f(l"):—F— ]/'5 :—r—5(7’2+68)
f'(a):_g r? +6¢
f(a) al r* +3¢
1
' 2
From equation 6.14.3, y/=7{3+af (a)}
/(a)
1
P +6e)]| 2 r’+3e
v 7{ (r2+3gﬂ N 3e

For

For

6.30

gz%RAR, R=4000mi, AR=13mi

£= %(4000)(13) =2.08x10*mi’

r~R, r =1.6x10"mi’
v =1.00397 =180.7°

rel = _E_ 1 2 [E-i_k
r 2mc r
dv k 2 k k
f(r) dar P’ 2moc2( rj( rzj

f'(r)=¥{l+ 12(E+E }_iz( 12}(_£2j
r m.c r r“\mc r
r()=4l2e L (26 2|
r m.c r
f’(a) 2+ 12£2E+3kJ
_ L m.c a
f(a)_ o1 12(E+kj
m.c a
3+ 3 (E+k)—2— 1 (2E+3kj
3ig '(a): m.c a m.c’ a
(a) 1+ 12(E+kﬂ
m.c a
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2
6.31 From equation 6.5.18a r = ad=¢) .. (Here 9 is the polar angle of conic
1+ &cosé
section trajectories as illustrated by the coordinates in Figure 6.5.1)
... and the data on ellipses in Figure 6.5.1 7, = a(1-¢) SO
I+¢
com = ’/; P
1+ &cosf
. a . a
From equation 6.5.18b r =—————— and at =0" 1, =——
1+ &cosf I+¢
) ml’ ml’
And from equation 6.5.19 o =—— so Ty =
k k(1+¢)
m_.m _ 1
k  GMm GM

From Example 6.5.3, GM =a,v. and > =72 v’ sin’ ¢
”;’Om = 2
a,v, (1+¢)(1+&cos6)
1

1+&coséd

1=RV?sin’ ¢

_ L rrisintgo
cosH—g(RV sin” ¢ 1)

N | —

sin@ = (l—cos2 9); = [l—é(RVZ sin’ ¢—1)2}
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1
sin@ = 1[52 —(RV2 sin’ ¢)2 + 2(RV2 sin’ ¢)—1}2
&

Again from Example 6.5.3 ...

gz{lJ{Vz—%j(RVsinqﬁ)z}

g :1+(RV2 sin¢)2 —2RV?*sin’ ¢

0| —

o1 A A
sm@—g[(RV sm¢) (RV sin ¢) }

: 1 .
sin@ =—RV’sing cos¢
&

cosd  RV’sin’g-1
sind RV?singcosé

2
RV?sin2¢

cotf =tang—

@ =cot™'| tang— #csc 2¢J

For V=05, R=4, ¢=30":

6 =cot™'| tan30° — 2 2csc60°}
4(.5

=cot™ %—% :cotfl(—\/g)

2

6.32

The picture at left shows the orbital transfer and the position of
the two satellites at the moment the transfer is initiated.
Satellite B is “ahead” of satellite A by the angle 6,

e+,

2

a= is the semi-major axis of the elliptical transfer orbit.

From Kepler’s 3" law (Equation 6.6.5) applied to objects in
orbit about Earth ...

7= ~a
GM,
The time to intercept is ...
T 1 2 V4 2
T=—=nr a’ = a? since =g
t 2 GME RE\/g ]eE2
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Letting », =R, +h, and r, =R, +h, where h; and h; are the heights of the 2 satellites

above the ground. Inserting these into the above gives ...

3 3
3 h +h,\? h +h,\?
T,=LRE2(2+‘—ZJ == (2+ 1 2]
RE\/E R, \/REg R,
From Example 6.6.2, Ry = 6371 km, h; = 200 mi = 324 km and 4, =r; - Rg = 42,400 km -

36,029 km. Putting in the numbers ...
Tl‘ = 4.79 hI‘

(b) Thus, 6, =180° (1—%) =108°

6.33
The potential for the inverse-cube force law
. k
1s...V(r)=—
( ) 2”'2

Letting u =7"', we have (Equation 6.9.3)

2
lml2 (ﬂ) +u? +V(u’1):E
2 do

du B 2(E—V)_ )

%_ ml? !
do = du = ml
AE-V)_,  \2m(E-V)-ml’
ml?

Now, integrating from r = oo (u = 0) uptor=r,. (u =i, ) ..

Umax

ml

0, = du
Lo \2m(E-V)-miP

But E:lmvoz, [=bv,,s0 ...

mby,

0, =
-(|). 1 2 1 2 272 2 2
2m| —my, —Eku -mbv,u

2

du

mby,

0 \/2m [1 mv,” — ; ku® j —m’b*vu’

6, = du

2



min

Before evaluating this integral, we need to find u, (zr , *1), in other words, the

distance of closest approach to the scattering center.

E=T(rmm)+V(rmm):%mv2 +%rk2 :lmvo2

min

But, the angular momentum per unit mass / is ...
[ =bv, =r, v and substituting for v into the above gives ...

2 2
ml k ) 1 my, )
2+—2—mv0 SO ... 7= lz+k—1/lmax
rmin rmin rmin m

Solving for u, ...

1
umax = k
b’ +——
mv,

Now we evaluate the integral for 6 ...

6, = _[ b du = b sin! 2| = b z
N e k u’ b + k Himax l b* + k|2
mv,’ my,’ my,’
Solving for b ...
k 26,
b (‘90 ) - -

mvo2 «Iﬂz —4902
But 6, :%(7[—6?8). Thus, we have ...
k -0

b(gs): mv,’ /7% (2”_95)

We can now compute the differential cross section ...
o(0,)=—" | db | k(7 —6y)
*7 siné, ‘d@s‘ mv,*0,* (27— 6, )’ sin 6
Since dQ)=27zsin6 dO, we get ...

3 -
o(6,)dQ =27 |pdb| =2~ (7=0) |4p,
E | (2z-6;) 65
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Chapter 7
Dynamics of Systems of Particles

7.1

z
Fromeqn. 7.1.1, 7, :lzmlfi |
m-=; !
I | 3
ﬁm=%(ﬁ+@+@)=%(f+]‘+]’+k+k) i ,
Fo=Yii2jeok |
r"m_E(H j+2%) | o
=L = (40 +9) =1 (214 44 4 ) i ]
vEm=%(3f 2j+k T e

From eqn 7.1.3, ﬁzzml_vl_ =T, 47, + 7

p=3i+2j+k

7.2 (a) From eqn. 7.2.15, T = Z%mivf

7.3

T:%[22+12+(12+12+12)]=4

(b) From Prob. 7.1, ¥, =%(3i +2]+k)

v, =V, -V,
Since momentum is conserved and the bullet and gun were initially at rest:

0=mv, + Mv,

— - m
vg:_]/vb’ ?/:M
ﬁ;=(1+7)ﬂ

5, =

b I+y
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7.4

7.5

7.6

—

= 7V,

v, =—
& 1+y
. vQ
Momentum is conserved: ~ mv, =m (Ej +Mv,,
_ m
Vi = 2V Ve V= M

At the top of the trajectory:
V =iv, cos 60° =i
2

Momentum is conserved:

AP AN
2 2 N2 )T

~ A AV,
v, =1V, — ]3
s
Direction: 6 =tan' —2 |- 26.6° below the horizontal.
vO

| =

2
Speed: vzz{vf+(%j} =1.118v,

When a ball reaches the floor, %mv2 =mgh.

!/

v
As a result of the bounce, —=¢.
\%

2

The height of the first bounce: mgh' = %mv’

2 2.2
W Vet

= —= =6‘2h
2g 2

Similarly, the height of the second bounce, 4" = &*h' = &*h

V0/2
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7.7

Total distance=h+2&’h+2&*h+...=h (—1 + Z 282”j

n=0

- a
Now Zar” =—,
pary 1-r

< 2 1+é&
—1+ ) 26 |=-1+ =
( 2 j 1-& 1-¢&°

n=0

r|<1.

2
total distance= A (l A 82 J
l-¢

For the first fall, %gtf =h,s0t = /%

g
For the fall from height 4" : ¢, = f% =g /2—h
g g

Accounting for equal rise and fall times:

Total time = /2—h(1+25+252 +...): /%(—14—225”)
53 éZ n=0

Total time = % (H—g]
g \l-¢

From eqn. 7.5.5: B> <
. (ml—gmz)xl+(m2+8m2)X2
X, =
| -+, o B
o =(ml+8ml)5cl+(m2—5ml)x2 ve v
2 m, +m,
1 1 v v
m——4m v, +| dm+—4m || ——=| O0+5m| ——
VS 4 4 2 = 2 :—i
‘ m+4m Sm 2
1 1 v,
m+-—m v, +|4dm——m || -
4 4 2
v, =
m+4m
5 15 ( voj
—mv, +—m| ——=
_ 4 4 2 __V
Sm 8

Both car and truck are traveling in the initial direction of the truck

with speeds VE and %, respectively.
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7.8

7.9

7.10

Fromeqn. 7.2.15, T = Z%mivf :%mlvf +%m2v22

Meanwhile:

- ~ \2
1 (my, +m,v, +l mm, (‘7 a)z
2 2 2

2 2
—mv, +— v =—m
m 2 m +m,
1 Lo .
:2—[m12v12 + Vi + 2mm, Vv, -V, +mm, (vlz +V] =29, -V, )J

1,1
=—my +Em2v2

2

Therefore, T = lmvfm +l uv’
2 2

1 . 1 5
From Prob. 7.8, T = Emvcm +E,uv

p— ! 1 J— ! .
Q=T-T" andsince v, =V, :

1 2 1 12
=— UV ——uy
Q SHV S H
V!
Fromeqn. 7.5.4, e =—
v

1 2 2
Qzayv (1—6‘ )

Conservation of momentum:
_ ' '
my, = my, +m,v,

r_ ’
MVN=v——"W
m,
2
m
' 2 12
V1V2 + - VZ
m, m,

2 mz

2
Vi =V —

Conservation of energy:
1 1 1
—my] =—my” +—m,Vy
2 2 2
2
1 2 1 2 pomy ] "2
—my; =—my, —m,V\vy +——Vv," +—m,V,

2 2 2m,

m, [ m
2| 241 |V —myvph =0
2\ m

, 2my
v, =——1
m]+m2
2
1 1 1 2mm
2 2 2 2
T -T'=—mv, ——myv~ =—m, = 2 Vi

2 2 2 (m, +7112)2
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7.11 Fromeqn.7.2.14, L=7 xmv,, +Z?l,>< my

cm

From eqn. 7.3.2, R = ﬁ[l-}-ﬂJ = ?I(MJ I

m, m, H
. = m, =
Since from eqn. 7.3.1, # =——=7,
1
= m, =
R=-—%7,
u
Z?zxmz‘%z zﬁﬁxml‘?ﬁ' -£ Rxmz‘%z
i m m,

7.12  Let my; = mass of Sun and a, = semi-major axis of Earth’s orbit
then from eqn. 7.3.9c,

20 my

3 [
:(5.6dax3;yr ] (20+16)3 yr °

S5da

a=0.20a, :lae
5

7.13  (Ignore primes in notation)

a) (a-0.5, 372
Ly® The coordinates of the two primaries, P1
P s b (0] and P2, are shown at left — along with the
2|[ .0 1 coordinates of L, and L;.
LE.
[a-0.5. -3/2]
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b) ¥ (x,y)=— (1-a) - a l—ngyz (7.4.13)

[(x—oz)2 +y2}2 [(x+1—05)2 +y2}5

o _(l-a)(x-a) a(x+l-a)

= + -Xx
o 3 3
) [ ] [ ]
Now x=a—0.5at L, and L
also, each bracket term in the denominator equals 1 at L,, L,
f;—V:(1-a)(a-o.5—a)+a(a-o.s+1-a)-(a-o.s)
X
=-0.5+0.50+0.50-a+0.5=0
o _(1-a)y ay

¥ [} [P

Again, the denominator in brackets equals 1 @ L,, L;

So, > _ (1—&)(i£j+a(i£]—(i£}

oy 2 2 2
=i—3$a—3ia—3——350
2 2 2 2
— NG NG 4
Thus VV(x,y)=i—+j—=0 atL,, L..
( J’) o J oy 45 Ls
v
7.14 Conservation of momentum: //1
my, =myv, +4m,V, ®
v, =V, cos45 +4v cosg 450
V' — S SR
4y cosp=v, ——= ® ®
V2 Vo @ o '

0=v,sin45 -4y, sin¢g
' \'%

v

4v! sing = —=
V2

16v/? =" — \/Evov; + v;z

Conservation of energy:
1

1 1
Empvf zzmpv;,z +E4mpv;2
16v.) =4v’ —4v)

Subtracting: 0=-31>—2 vV 45V
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Vo

2v, +4/2v7 + 60V
,:fvo 1(;’0 v, =V—<\/§i\/672)
> 0, so the positive square root is used.
=0.9288v,

r
P
’
p

Vo=y = =0.657v,

T

r o 1 2 12 1
v, _E(VO —V) = > % (1-.9288 )
vl =0.1853v,
Vi
NG v, 9288
tan ¢ = ;
’ LY " V2v, v, 29288

§|

¢ =tan'1.9134=62.41°
vl =V cos¢g=0.086v,
v ==V sing=-0.164v,

ay

7.15 Conservation of energy:

16v/? =3y - 4\/1;2
From the conservation of momentum eqn of Prob. 7.14:
16v/2 =7 — x/zvov; + v;f

Subtracting: 0=-2v" — \/Evov;, +5v!?

,:\/Evoi«/2vf+40vf :lv_(o)(\/zi\/ﬁ)

vl’
10
Using the positive square root, since v, > 0:
v, =0.7895v,

!/

v
Vio=v =-—2=0.558v,

px y \/E

1
- 1
W (LRI T =L (75-.7895%)
6° 47) 2

v, =0.1780v,

From the conservation of momentum eqns of Prob. 7.14:

/

Vv, 7895

tan ¢ = =
’ J2v, -y N2-.7895

91



¢ =tan'1.2638=51.65°
v, =v cos¢g=0.110v,
v, =—v sing=-0.140v,

ay

7.16 From eqn. 7.6.14, tang, = _sinf ¢; and fare the scattering angles in
¥ +cosé
the Lab and C.M. frames respectively.

From eqn. 7.6.16, for Q =0, y = e
m,
tan45 =1= 510

—+cosf
4
%4_ cos@ =sind and squaring ...

i—i—lcos(9+coszz9:1—cos20
16 2

2008”0+ -c0s0 -2 =0
2 16
[T
cos@ = —2 44 2 __125+.696
Since 0<9<%, @ =cos'.571~55.2°
sin @
7.17 Fromeqn.7.6.14, tang =———
y+cosé
1
2
From eqn. 7.6.18, }/=ﬂ{l—g(l+ﬂﬂ
m, T m,
1
2
;/=l l—l(l+lj =0.3015
4 4 4
tan45" = __sinf
.3015+cosé@
3015+ cos@ =sind (since sin@ >cosf, 0 >45°)

3015% =sin’ & —2sinfcos @ +cos’ O
Using the identity 2sin @ cosé =sin 26

sin20 =1-.3015% = 0.9091
Since 8 >45°, 20>90°: 26 =sin"'.9091=114.62°
0=5773
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7.18 Conservation of momentum:
B =P cos¢+P cos(y—¢)
0=F'sing—P, sin(y —¢)
From Appendix B for sin(a+ ) and cos(a+ f):

B =P cos¢+P (cosycosg+sinysing)
0=F'sing— P, (siny cosg—cosy sing)
P’ =P?cos’ ¢+ P (cos2 W cos” ¢ +2cosy cos@sin@siny +sin’ i sin’ ¢)
+2P'P/ (cos2 @cosy +cos@sin iy sin ¢)
0=P"sin’ g+ P’ (sin2 w cos” ¢ —2siny cos ¢ cos y sin @+ cos” i sin” ¢)
—2P'P/ (sin @siny cos g —cosy sin’ ¢)
Adding: P*=P?+P+2P P/ cosy
Conservation of energy:
K _R B
2m  2m 2m

Q:ﬁ(ﬁz _Plrz _Pzrz):ﬁ(zplrpz; COS!//)

+Q

_R B cosy
Q m
1, R S
719 I =—my, 1, =—my,
2 2
T v’ : : . .
let r=—=—- ... ratio of scattered particle to incident particle energy

vl

1

Looking at Figure 7.6.2 ...
VW = (=) (0 = Ven)

—2 _ 12 2 '
v, =y +v, =2v/v, cosg
12 _ —12 2 ’ _
hence v{" =v{"—v. +2vv, ¥ where y =cosg,
=2 2 '
= vl _ vcm 2V1vcm7/
T2 2 2
V] vl v]
but v =V, ...the center of mass speeds of the incident and

scattered particle are the same.

...from equation 7.6.12 where a = o

-
Vi m __ «a
v, my+m  l+a m,
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ch _ ml 1

v, my+m  l+a

Equation 7.6.11

Thus
2 ' 2 1
r=a2_12+27 i=a2_12+2yr2
(I+a) (1+a) (I+a) i (I+a) (1+a) (1+a)
Simplifying
1
r— 27 r2+(1_aj:0
l+a l+a

Let x> =7 and solving the resulting quadratic for x
1

x:L+L[7/2 —(1—052)}E

I+a l+a
Squaring
1
r=x’= ! 2[272+a2—1+27/(72+0{2—1)2}
(I+a)

Now &y oo 1
T (I+a)

And, after a little algebra, we get the desired solution

M2 Y T ]

I _1+05_(1+a)2

1
{272+a2 —1+27(;/2 +a2—1)2}

mv, _ m W

Vl'(ml+m2) B 1712(1—i-m]/1712)17'1

7.20 From Equation 7.6.15 ... y =

\%

Now we solve for = ...
v
1

1
2
v, = (2—Tj and now solving for v starting with Equation 7.6.9 ...

m
1 , 1 _, ., m,
— v =—uv,” —Q and using v, = v, we get ...
2 2 m, +m,
1 2 1 T
=S my -0= -0
20 (1+m/m,) (1+m,/m,)

—n 2 T B
! _ml(1+ml/m2)[(l+ml/m2) Q}

Thus, solving for y ...
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7.21

7.22

Y=
e ! 1 T 2
2/m )2 (14+m /m, )2 -
im e (em )|
m, 1
y:m_ 1
2 [I_Q(1+ml/m2)}2
T
The time of flight, 7 =constant—so 7 :L, but from problem 7.19 above
Vl

rzvl'r:lvl—r[)/vﬂ/yzvtaz—q
+a

As an example, let v, 7 =1 and we have

n=y a=1 pp scattering

r2=%[7+\/7/2+3J a=2 p—-D
@:§[7+\/7/2+15J a=4 p—He
r4:%[}/+\/72+143} a=12 p-C

Below is a polar plot of these four curves.

150
180

210

Fromeqn. 7.7.6, F, = F, = mv+vm

since v =constant, v=0

m=Az=Av, A =mass per unit length
F, :(lz)g
2
F = ﬂzg+(ﬂ,v)v:gﬁ,(z+v—]
g

2
F is equal to the weight of a length z +2 of chain.
g
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723 m= gmf}p

m=4xr’pr o xr'z where v =2
F=kz k a constant of proportionality
r=r+kz

From eqn. 7.7.6, mg = mv+vm

i7z7f3pg =§7rr3p'z'+47zr2p(kz')z'

3
. 3k
g=ZzZ+
r
s, 3
_g ’/;
zZ+—=
k
-2
Forro=0,2=g—%

A series solution is used for this differential equation:

00
22 _2 n
zZ = anz
n=0

o_di_di dz__di _1d(Z)

Z=—= =z
dt dz dt dz 2 dz

dZ) _ -
PR Zn:annz

n

For n#1: %nan =-3a

Since n 1s an integer, a, =0 for n #1

2

.2

Zi=—gz
7g
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7.24 From eqn. 7.7.6, mg = mv+vm , where m and v refer to the portion of the chain
hanging over the edge of the table.
m=Az and v=z where X is the mass per unit length of chain
m=Az and v==Z
L_di_diodz . di_1d()

Z=—-= =z
dt dz dt dz 2 dz

1diz») ., ..
dzg=Az|— +z(A
zg 2[2 » ] Z( Z)
. ldizy 2
2_2 dz - & z

Because of the initial condition z, =5 # 0, a normal power series solution to this

differential equation (...as in Prob. 7.22) does not work. Instead, we use the
Method of Frobenius ...

o0
Z-Z — za Zn+s
n
n=0

.2 }
d(dZZ ) :;an (n_i_S)ZnJrs—l
2

Z n+s—1
LY
n

z

2=%Zan (n+s)z"™ "' =g=> a,z""
n n

Equality can be attained for a, #0 atn=0and n =3

...otherwise a, =0 n#0,3

For n=0, laos=—ao
2
§s=-2

22%2% (71—2)2"_3 :g—Z:anZ"_3

For n=3, %a3 =g-a,
2
a3:§g
Forall n#0, 3: %an(n—2):—a

n

a, =0, n+0,3.

F=az" +§gz
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Att=0, z=0,and z=b
Oza—;+@
b 3
2

a,=-=gb
. 33

7.25 Initially, the upward buoyancy force balances the weight of the balloon and sand.

?

FB—(M+mO)g:0 (1)

Let m = m(t)—the mass of sand at time # where 0 <7<,

m=m (1—1j 2)
:

The velocity of sand relative to the balloon is zero upon release so
V =0 in equation 7.7.5 ... there is no upward “rocket-thrust.”

As sand is released, the net upward force is the difference between the initial
buoyancy force, F'z, and the weight of the balloon and remaining sand. Let y be

the subsequent displacement of the balloon, so equation 7.7.5 reduces to F' = ma
F, —(M+m)g:(M+m)%

and using (1) and (2) above we get
dv m, gt _ (M+mo)gfo

Z_ (M+mo)to—mot B g+(M+mo)to —-m.t

whose solution is:

v:d_y:_gt_wln(l_m—fj\]
dt m, (M+m)t
g m,
=C—- ZIn(1-4kz) |d k=
y J(gtJrk n( t)j t, to(M+m)
1 gt tdt
=C——gt’ -2 In(l-kt)-g|—
y 8~ k) =g =0

Integrating by parts

98



7.26

=C-=g’-
58

: g?’ln(l—kt)—ﬁj(—HLjdz

1

k 1 -kt

—C-—g’ —%ln(l—kt)+%+ £ In(1-kr)

2

K

=c—%gﬁ+%(1—kz)1n(1_kt)+%’

but y=0at¢s=0 so C=0

y=g—%gt2+%(l—kt)ln(l—kt)

k
and at 1 =1,

gt
a H=
@) me

mO

{(2M+mo)mo+2M(M+mo)ln( M ﬂ

M +m,

(b) v=g—t{(M +mo)1n(MMl°)—4

(©) letting &

gt!
H = >
2&

2

_ 8L
27

2

H;&g
6

Similarly:

V=

m
=—<<1 we have
M

[(2+5)g—2(1+g)1n(1+g)]

{2g+g2—2(1+g)(g—2—2+%3—...ﬂ

%[(1+5)m(1+5)—g]
:%{(1+5){g—8—;+%}—..)—5}

280

(d) H=32Tm; v=9.8ms"

m=—k or m=m_—kt

Burn-out occurs

So — the rocket e
dv

m—=
dt

at time 7 =2
k
quation (7.7.7) becomes

Vm (-) since V' is oppositely directed to v
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7.27

dt m, —kt
Thus
V= ij v —VIn(m,—kt)+C, where C, is a constant.
m f—
Now, v=0@t=0so C,=VInm,
—kt
Hence v:—Vln[M}, 0<t<ﬂ
m, k

Let y be the displacement at the time ¢ so

y=—Vj1n{(m°m;kt)}dt+cz

Integrating the above expression by parts
—kt
y=-Vtln {M} V[ i e,
mo

m—t

=—Vzln{@} Vj'(l—m . ]dr+c

:—thn{w}+w+%ln(n¢o —kt)+C,
mo

. —Vm, 1
since y=0at =0, C, _ZVm. Inm, and we have

y=Vt+%(mo —kt)ln{@}

&
Atburn-out t=7 = % SO

(a) y(5)=D=%V[g+(l—8)ln(l—g)]

(b) & cannot exceed 1.0 although it can approach 1.0 for small payloads

s g = (6=

From eqn. 7.7.5, —kv = mv — Vi
Since V' is opposite in direction from v

~kv = m + Vi .
o A

. . m
and since m <0, a=—;

1
o=|—
:
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m . m dv m dv dm dv

v—aV=a—v=a——= =am—
m m dt mdm dt dm

dm _ _dv

om v-Va

1l ¢mdm v dv

a'm m ‘yv—-TVa

7.28 From eqn. 7.7.5, —m@ = mv — Vi
since ¥ is opposite in direction from 7V,
-mg =mv+Vm
—mgdt = mdv+Vdm

. dm dm
m=— S0 dt =—
dt m
V
—mgd—.m =mdv+Vdm
m
Vv
dv=—dm(§+—j
mom
ve m, g vV
I dv=—| "dm|=+— m,, =payload mass
0 m. m m
vezg(m —mp)—i-Vlnﬂ
m m
P
m,=m,—m,~m, m, = fuel mass
m.
v, =§.mf+Vln[1+—f]
mo m,

e ey _gm
m V. V m

P

m.
_f:exp(v_e_gﬂj_l
m V.V m

P
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From chap. 2, Section 2.3 ... v, 211—

For |n'1|=0.01m0 s and k=%:

m, 9.8

——=exp|4- I -1
"y Z(11,000)(—.01)
2277

m

7.29 We can use Equation 7.7.9 to calculate the final velocity attained by the ion rocket
during the 100 hour burn. Assuming the rocket starts from rest (even if the ion rocket is

turned on while in Earth orbit, the initial rocket speed v, 10 ¢ ~0. Thus ...

m
~ 0 d — _’2 —
v~V In— an m, =mg +ﬂlp = ﬂlp +I7Zp = 3I7Zp

m

P
vV 1In3=0.1099¢c. The final rocket velocity is a little more than 10% c.
T = L = aLY =36.4yr

0.1099¢ 0.1099LY/yr
7.30  We again use Equation 7.7.9 ...

m me+m . .
vaV, In—=V, In L=V, In2 for the ion rocket. For the chemical

mP mP

rocket ...
mg+m, , ,
vV, In——-=. Setting these two equations equal ...
m
P
mg+m, ,

Voew In———==V, In2. Solving for mr ...

mP
m, +m /10%¢ ’
Me Ty i) — pP117) 510 1059\ hich demonstrates the virtue of

m

P
ejecting mass at high velocity!
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CHAPTER 8
MECHANICS OF RIGID BODIES:
PLANAR MOTION

8.1 (a)For each portion of the wire having a mass— and centered at
b b b b
——,—1, (0,0),and | —,— | ...
Y - ( 2 2) (0.0) 2 2)
0+

&%% 4)2))-

~ >

§><

|

[

|
NS>/
| &
~

<« b —p
1
(b) ds = xdy =(b* - " )2 dy
Y _ijb (bZ_ 2);d
ycm - m 2o Py Yy 'y
P [t 2 > 2 2
= PP Fa(r )
cm T 1
~ b’
4 P
_B
ycm 372.
4b
From symmetry, x_, =—
RY/1
(©) v, The center of mass is on the y-axis.
1
1 ds =2xdy = 2(by)2 dy 3
o b 1 b 2
* f 2py(byyay [ v2ay
cm b 1 N b 1
20000y ["y2ay
_3
Yem 5
(d) The center of mass is on the z-axis.

dv=rridz = 7r(x2 +y2)dz =rbzdz
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_ J‘Ob pzrbzdz ~ '[: 2’dz
" '[Ob prbzdz B J‘Ob zdz

2
Zcm = _b
3
(e) - The center of mass is on the z-axis.

a 1is the half-angle of the apex of the cone. 7, is the radius of

the base at z=0 and r is radius of a circle at some arbitrary z in
a plane parallel to the base.

r
tana =—=

, a constant
—Z

dv=rnridz=m(b- 2)2 tan’ a dz
m :,olmgzb:lﬁpb3 tan’ o
3 3
b 2 )
_J‘O pzz(b—z) tan adz 3

z = =— (bzz—sz2 +z3)dz
o 1 3, 2 b o
gﬂpb tan”

~ I pxdx J: ex’dx

8.2
I pdx Iob cxdx

cm

Xy =—

cm 3

8.3 The center of mass is on the z-axis. Consider the sphere with the cavity to be made
.2 of a (i) solid sphere of radius a¢ and mass M, with its center of

mass at z =0, and (i1) a solid sphere the size of the cavity, with

a .
mass —M _ and center of mass at z=——. The actual sphere with

the cavity has a mass m =M _—M_ and center of mass z,,.
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84 (2)1.=> mR* = %Kg

L:nwz
6
(b) 5 ds =rd@dr, R=rsin@
I.=|R?pds
, [Rpds
. y L=p[" rrar L”Z sin® 0.0
4.7
=2 [4sin’ 0d0
4
[ sin 9d6’———sm26}
4
I = z 1
4 (4 2)
m—l b’
2P
mb*
I = —2
Y (7[ )
2
() y ds = hdx = (b - %] dx

(d)

J+or(4]]

Where the parabola intersects the line y =5,

X= (by)% =tb

dv =27 RhdR
h=b-z
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(e)

1

R= (x2 +° ); = (bz)5

1
dR =1(9j2 dz

2\ z
1
B N b 1 1(b)\2
I = '[R pdv = J.O bzp27z(bz)2 (b —Z)E(;J dz
b 1
I = ﬂpszo (bz - zz)dz = gﬂpb5
1
b 1 1(b)2
m=[pdv={ p2z(bz) (b —z)z(ﬂ dz
b 1
m= ﬂpb.[o (b - z)dz = E/Z'pb3
I = lmb2
3
z a is the half-angle of the apex of the cone. 7, is the
radius of the base at z=0 and r is radius of a circle at
AL some arbitrary z in a plane parallel to the base.
tanag =—= , a constant
X b b-z

dv =27 RhdR = ZH%M’R

(b—z)R

Since R = —, dR = —%dz , and the limits of integration for R=0— R,

correspond to z=b —> 0

b—z) R b—z)R ( R
IZ:IRzpdv:Ibo( ;) p272'( ) z(——"jdz

? b

R' (b, 2.2 34 4
I =+2;zpb—4jo (0°z-3b°2" +3b2° —2*)dz =—7pR’D

| .
m=p—nRb
,03 .
Iz=ime
10
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8.5

: . a
cavity, with mass —M_ and center of mass at z =——

has a mass m =M _—M_ and center of massz,,

8.6

Consider the sphere with the cavity to be made of a (i) solid sphere of radius a
and and mass M _, with its center of mass at z =0, and (ii) a solid sphere the size of the

3
m=M, M, =i7m3p—iﬂ(£j p=1iﬂa3p

3 3 \2
8
M, :;m and M, =—

From eqn. 8.3.2, I =1 +1

2
ZMa=2m (fj +1
5 5002

2[8 j ) 2(1 jaz 3
I=—|—-m|a——|-m |—
S\7 S5\7 4 70

The moment of inertia about one of the straight edges is

I = .[Rzpdv where R* = x* +y”. From Appendix F ...

dv=r’sin@drdddg
R*=x"+y*=r’sin* @
Let a = radius of sphere

= i - pra j sin’® 0d0

cos’ @

I,
{ sin’ 6d6 =

83

2

I —J. J.goj r*sin’ Gor’ sin@drdO d¢

T oprea p0=" , .
I = p—J.r:O J.€:02 r*sin’ Odrd @

—Cos 6’}

. The actual sphere with the cavity
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8.7

For a rectangular parallelepiped:

dv=hdxdy his the length of the box in the z-direction
) 1
R= (x2 + y2 )2

L=[Rpdv=[" [ (x"+?) phvdy
B I I = phﬁ[%xz +2T[)3J dx = ;,ohab(a2 +b2)

m = p(2a)(2b)h =4pabh

I 2%(512 +b2)

kZa >|

For an elliptic cylinder:

1
y Again dv=hdxdy, and R =(x* +y*)?

2 2

On the surface, x_2+y_2 =1
b
22
x= ia(l—y—2

[ S L

From a table of integrals:

I(bZ _y2 ); dy =%(b2 _y2 )z +%b2y(b2 _y2 ); +%b4 Sil’l_]%
J'(bz _yz); Yy = _Z(b2 _y2)§ _|_b2_y(b2 -y ); +£sin’1 2
4 8 8 b
2 4
o] ) - St
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1, —(a2 +b2)
S 2 2, .2 x* yz z’
For an ellipsoid: dv=hdxdy, R =x"+y~ and on the surface, _2+b_2 +—=1

e yz %
z=tc|l-—5-=

-

_______________ 2
A In the xy plane x_2 +
a

| 1
o 2 )2
gl 2a 4)‘ x= ia(l—y—j

2
y
=1

1
2pc y=b a’y’ 2 a’y’ 2
1. ZTL?IJ J.Haz— P —-x’ xzdx+yzj a’— 2 —-x*| dx

From a table of integrals:

1 5 2 1 4

J(# = == 2 (0 =) 2 (e it
1 1 2

j(kz—xz)gdxzf(kz—x2)5+k—sin’1£
2 2 k
2
2pc e fat (. Y a0y

[ =—— —|l-= | 7+y " —|1-= |7 |d
T a Ibls( i) T e )|

~ vla’ (2t YY),y
IZ —pﬂaCjb[T(l— b2 +b—4 +y —b—z dy

I = %pﬁabc(a2 +b2)

For an ellipsoid, m = pgﬁabc ,S0 I, =%(a2 +b2)
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8.8  (See Figure 8.4.1)  Note that /'+/ is the distance from 0’ to 0, defined as d

From eqn. 8.4.13, k., =1I'
K2 4P =1+ P =1(I'+1)

cm

K2 P =1d
From eqn. 8.4.9b, k> =k’ +/
k* =1d

2
Fromeqn. 8.4.6, T =2x k—
\/ gl

T =27r\/E

g

8.9 Period of a simple pendulum: 7 =2rx, /%

Period of real pendulum: 7, =2x /L (eqn. 8.4.5)
Mgl

Where / =moment of inertia
[ = distance to CM of physical pendulum
a =distance to CM of bob
b =radius of hob
location of CM of physical pendulum:

mM—i—(M—m)a

(=2 —a- 48]0 (av0)
M

m+(M—m) M\ 2

m m b
[l=a|l-—————
2M  2M a

Moment of inertia:

L =(M —m)a’ +§(M‘m)b2 =(M"”)(a2 +§b2)

2
=Ma2[1—ﬂ](1+3b—2]
M 5a

2
I, :lm(a—b)2 leaz ﬁ(l—éj
3 3 M

2 2
s I=1,+1,, =Md (1—ﬂj 1+3b—2 +1ﬂ(1—2)
M 5a 3IM a

m
letting ¢ =— and £ =
ga=- B

a
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_ Ma{(l—a)[ht ﬂ)-f- a(l- ﬂ)};

a of
Moal1-% _
g‘{ 2 2}
(1—0{)[1+ ,B}L a(1-B)
T st .
(a) == ~1-—a to 1 order ina
T ( _a_aﬂj 12
2 2
(b) m=10g M =1lkg a=127m b=5cm
a=0.01 £ =0.0394

% ~1 —%a =0.9992 (actually 0.9994 using complete expression)

8.10 The period of the “seconds” pendulum is

T,=2x L=2s
Mgl

The period of the modified pendulum is

T =27 | L =2( " j
Mol \n=20

where I', M', I' refer to parameters of pendulum with m attached and
n (=24x60x 60) is the number of seconds in a day.

I'=I+mp po Mt ml,
M
where [/ is the distance of the attached mass m from the pivot point

So (l_ﬁj ol rl+r’ml
n Mgl (Ml +ml,)g
_ Mgl+x’ml

- (Ml+ml,)g
Thus (1—§j = (Ml +mi, ) g
n (Mgl+7z2ml,i)

( alm]
or1-X. A ) m
n [ ﬁzalzj M
1+ "
gl

Solving for  gives the approximate result
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Letting [, =1.3m; [ =1.0m; we obtain ¢ =1.15-10"

811 (a) I, =ma’ (all mass in rim)

¥ -
1, =ma’+ma” =2ma’

- __x T =2r f Lrim ’2(1

(b) ];:Q+Jy:2%m:nm2 (=1.,)

2
g, =M
2
2 3
hence /,,,, =——+ma’ a
“T=2rx Ly 3
\ mga V2g
8.12
? mx, =mg—T
T I, o=aTl
X, =aw
1(771 = gma
5
N . 1,6 1(2 me) 2 .
mx,,, =mg — =mg——| —ma” — |=mg ——mx,,
a a\5 a 5
mg X, = 2
| cm 7 g
x
mg
8.13 When two men hold the plank, each supports -
When one man lets go: mg—R=mX, and Ré =1, o
2
From table 8.3.1, I, =%

_RI 12 6R

2ml2 E
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mg — :m(3—Rj:3R
m
r=1"&
4
=l :,6_R:£(@j
ml m\ 4
3
xend_zg

8.14 For a solid sphere:
M, = 47ra3p and / =%Msa2

N

(#2,) :%f

For subscript ¢ representing a solid sphere the size of the cavity, from eqn. 8.3.2:

I =1+1

,_E(ims jz i,[(zf [zjz_%iﬂ,ms
5 3 P 513 2 P 2 53 32 P

m_iﬂ'a3 —iﬂ'[EJS _i'zﬂ'a3
3TEPTRT ) PTRRTAP
oot 2318, 31,

m 5 327 70

cm

From eqn. 8.6.11, for a sphere rolling down a rough inclined plane:

gsind

1+ e
x_Y_ kfm
1+a'2
1+g 7
__5_5
1430101
70 70
X _98
101
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8.15 Energy is conserved:

I S IS
5m1x2+5m2x2+51(5) +m,gx—mgx=FE

mlxx+m2xx+—2xx+m2gx—mlgx=0
a

X-z (ml_mZ)g

1

m; ¢ ml+m2+?

8.16 While the cylinders are in contact:
2

L /. = Ve =mgcosd—R
r
© 2
\

my
r=a+b,so —=mgcosd—R
' Vem a+b

From conservation of energy:

mg(a+b) =%mvfm vL%Ia)2 +mg(a+b)cosd

mg From table 8.3.1, 7 :%ma2
%m"fm +%(%ma2j(‘%”j =mg(a+b)(1-cos6)
Zifz :émg(l—cose)

When the rolling cylinder leaves, R =0:
mg cos @ = %mg(l—cos&)

Zcost9 =ﬂ
3 3
6= cos'li
7
8.17 v, mi = N,
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8.18

1 5, 1,
—mv. +—1w°" +mgy=m
2 cm 2 g:); gyo

xzicosﬁ, X:—lésinﬁ, X:L(é’zcosﬁﬂgsin@)
2 2 2
[ . o0 oL o
=—siné, =—0cosb, =—(-0"sinf+6cosb
Y 2 Y 2 Y 2( )
I ey tPe
v =x'+y’ :(——Qsinej +(—0cos€j =
2 2 4
ml* :
1= ,and w =60
12
292 2
l r'o +l—ml 92+mg£sin0=mgisin¢90
2 4 212 2 2

ééz =g(sing, —sin6)

0= [3Tg(sin 0. —sin 9)}2

1
] 1 3—g(siné?o—sin¢9) e (—c0s9)9:—3—gcosﬁ
20/ [ 21
.. ml 3g), . ) . 3g
N, =mi =——| cos@| == |(sin6, —sin@)+sinf| ——= |cos
2 / 21
Separation occurs when N, =0

sinHO—siné’—%sin0=0, 6 =sin"' (%sin@o]

R =mx
R, —mg =my
xzisiné’, x=£90050, )'c'zi(—ézsineﬂécosé?)
2 2
—icose '——ié’sine "——1(6"2 cos6+ésin9)
y > > Y > > y >
lmv2 +1192+m icostﬁ?—m =
2 cm 2 g2 g2
2
Veom :ié, I:ﬂ
2 12
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m 126"2 1 ml?

2 4 2 12
12
%:g(l—cose)

— —mgé(l—cosﬁ)

0 :[3g (1- cosﬁ)}2
l
[ 1 co SQ} (3 jsm6h9—3 sin &
/ 21
{ s1n9 1 cosé’)+c059(32—‘§sin0ﬂ
Rx— Z s1n0(3cos9 2)
R = mg—%{cos&(%}(l—cos 9)+sin9(32—‘?sint9ﬂ

2
R, :mg—MTg(cosﬁ—c0529+ s1nz 9]

R :%(%050—1)2

y

The reaction force constrains the tail of the rocket from sliding backward for R >0:
3cosd-2>0

6 <cos™ E
3

The rocket is constrained from sliding forward for R_<0:

6 > cos™ g
3

8.19 mx=-mgsin@— umgcosd
X¥=—g(sin@+ pcosd)

. . U
Since acceleration is constant, x = x.f + Ext2 :

2
x=vot—%(sint9+,ucost9)

Meanwhile (umgcos@)a= 1o = %mazd)

_ 5 ugcosd
2 a
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The ball begins pure rolling when v=aw ...

v:vo+)'c't=vo—g(sin@—i—ycos@)t:aé%oset
B 2v,
g(2sin@+7ucos)
At that time:
B 2v? g 4v? (sin@ + pcos )

g(2sin@+7ucosf) 2 g?(2sinf+7ucosd)’
2v2 (sin@+64cos6)
g (25in€+7,ucos€)2

X =

820 mx=pumg
X=pug

X = ugt,and x=%,ugt2

2
lo= gmaza') =—umga

5ug

24
5
o0 342,
a
Slipping ceases to occur when v=aw ...
ugt=ao, —gﬂgf

2 aw,

t———

_1 2 aw
e [77]
2

" T4 g

8.21 Let the moments of inertia of 4 and B be I, [: %Maazjand A (: %Mbsz.

The angular velocity of A is ¢ while that of B is f—c +¢ (remember that in two

dimensions, angular velocity is the rate of change of an angle between an line or direction
fixed to the body and one fixed in space). For rolling contact, lengths traveled along the
perimeters of the disks 4 and B must be equal to the arc length traveled along the track
C.

a¢:bﬂ=(a+2b)(a—¢)
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(a+2b)a a(a+2b)a

so that ¢ = an =
= (ah) 2b(a+b)
After some algebra ... the angular velocity of B is found to be ...
S .. oaa
w,=f-a+d=—
y=B-arg==

For A, we take moments about O and for B we take moments about its center.
Call T, and T, the components of the reaction forces tangent to 4 and B (the

“upward-going” 7, acts on disk B. The “downward-going” 7, acts on disk A)

Thus K-T,a=1,& (Torque on Disk A)

Tb-Tyb=—I,(f-d+§)=-1,a 2% (Torque on Disk B)

T,-T, :MB(a+b)(d—g}5):%MBad (Force on Disk B)
Eliminate 7, and T,

K= %(41921/1 +M,a’b +d’l,)
Integrating this equation gives :

Kt= 4“7(41925 + M, +d’l,)
Putting w, = at t =t gives

Y - 4b°K1,

t(4p’L, + Ma’ +a'T)

Putting in values for /, and 7, gives
4Kt

a’ (2MA +;MBJ

=

Since the angular velocity of B is @, = B—c+¢= %, we have

a 2Kt
Wy =—

2“1 3
ab(ZMA +2M3j
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8.22 From section 8.7 (see Figure 8.7.1), the instantaneous center of rotation is the
point O. If x is the distance from the center of mass to O and é is the distance from
the center of mass to the center of percussion O', then from eqn. 8.7.10 ...
(D) _MP (1P
2) M 12\ M) 12

X =

L
6

8.23 In order that no reaction occurs between the table surface and the ball, the ball
must approach and recede from its collision with the cushion by rolling without slipping.
Using a prime to denote velocity and rotational velocity after the collision:

, P
Vem = Vem —
m
P
4 —
a)cm - "em _T(h_a)

The conditions for no reaction are v, =aw,, and v, =aw)!

cm cm *®

m
1 1
—=—a(h-a
—=a(h-a)
]:gmf
5
2
h=2ma T,
Sma 5
d
a=—
2
h:ld
10

8.24  During the collision, angular momentum about the point 0 is conserved:

m'vl =16
j— m'vl
1
After the collision, energy is conserved:
1 . [ /
— 10> —mg——m'gl' = —mg —cos @, —m'gl' cos O
> g > 8 g 5 o 8 g
Tm™i® (I-cosé,) m—l+m'l'
2 1 ¢ 2
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2 2
v, ! 2g(1-cosb,) m—l+m’l' ﬂ+m’l'2
'’ 2 3
8.25 P
A Bl c
| || |
T Ts.
The effect of rod BC acting on rod AB is impulse +P.
The effect of AB on BC is —P'.
my, = P+ P' my, = —P'
L(n &, 1,
Io, :E(P—P) lo, == P
ml”
12
6 [~ = 6 -
w =—(P-P w,=——P
: ml( ) ? ml
/ /
vy =V, —Ea)1 V=V, +—0,

—_—p
m 2\ ml
P+P'=3(P—P')=-P'-3P'
8P =2pP
p=r
4
5P P
v, =— V, =———
4m 4m
9P 3p
=57 W, ==
2ml 2ml
P
VB = -
m
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CHAPTER 9
MOTION OF RIGID BODIES
IN THREE DIMENSIONS

91 (a) 1, :J.(y2 +zz)dm
dm = pdxdy and m=2a’p
I = :Oa I:za( Y+ 0) pdxdy

= |, 2apy’dy

2, mad
] =—pPpa =
XX 3 p 3

%
X

1, = J-(xz +7° )dm = J.yy:oa j:za x’ pdxdy

€ a» 84’ p
:J' dy
o 3
8a‘p 4ma’
]yy: =
3 3

From the perpendicular axis theorem:

5ma*
I_=1_+ IW +

I,=1,= —j xydm = —j::oa J. ::a xy pdxdy

ada’p
——IO 5 ydy

ma2

4
Ixy:]yx:_pa = — 2

I.=1, =—[xzdm=0=1_ =1,
2 1
(b)cosa=—, cosff=——, cosy=0

J57 5

From equation 9.1.10 ...

LT

2
=—ma

15

(c) @=w(fcosa+}cosﬂ)=%(2f+})

From equation 9.1.29 ...
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fo3 2a).ma2+a) _ma2 4 2w _ma2 +a)'4ma2
53 5L 2 sl 2 ) 5 3
2
— a)ma A A
L= i+2j
6\/5( i)

(d) From equation 9.1.32:

1. - o omd 1, .,
T=—&L=——"(2+2)=—md’®
2 25 6\/5( ) 15
—  (~ ~
9.2 (a) a)—ﬁ<z+]+k)
m(2a)2 2
¢ I.=2I,=2 = =§ma2=1yy=122

I = —J xydm =0 since, for each rod, either x or

y or both are 0. The same is true for the other

products of inertia.
_a // a  From equation 9.1.29:
T 2 2 w N ) r
¢ L—Ema -ﬁ(l+]+k)
From equation 9.1.32,
l o 2ma*w ., ., .
I'=——F I'+1"+17) =
'“ 243 33 ( )

(b) From equation 9.1.10, with the moments of

2

ma’e

2
and the products of inertia equal to 0:

inertia equal to

2
2ma

2

I= (cos2 a+cos’ B+ cos’ 7/) zgma

() v For the x-axis being any axis through the center of the
lamina and in the plane of the lamina, and the y-axis also in

]
the plane of the lamina ...
I, =1, due to the similar geometry of the mass

K distributions with respect to the x- and y-axes.

~

From the perpendicular axis theorem:
]zz = ]xx +1yy

I =21,

2

From Table 8.3.1, /_ = ma
_ma’
12
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9.3 (a)From equation 9.2.13, tan 26 =

I, —I
ma* 4ma® ma*
From Prob.9.1, I =——, 1 = , 1=
XX »y 3 Xy 2

tan260 =1
20=45 60=22%
The 1-axis makes an angle of 22.5° with the x-axis.

(b) From symmetry, the principal axes are parallel to the sides of the lamina and
perpendicular to the lamina, respectively.

9.4 (a)From symmetry, the coordinate axes are principal axes.
7 From Table 8.3.1:

' 17) m 2 27 13,
| I, =—|(2a) +(3a) |=—ma
l [2=ﬁ[a2+(3a)2}:mma2
': / 12 12
/20 W — y P s ) ] S e
; I,=—\|a +(2a) |=—ma
pd P12 (2) 12
L,/ ' )
A w=——=(e +2e, +3e
x,/ - \/ﬁ(l 2 3)
From equation 9.2.5,
113, 0 10, 40’ 5, 90’
ma- -—+—ma- - ——+—ma" -
212 14 12 14 12 14
=—ma’w’
24
(b)From equation 9.2 .4,
L=¢ (13 ma® —2_ J+ (10 a2__2a) j+é (imaz-—?’w J
12 J14 12 Jia) P2 J14
L= 136, + 206, +15¢
P (1364206, 4156

wosp 2@ L _ [(D(13)+ (2)(20) (3)(15)]

]| (© +22+3) (132+202+15)

- B 09295

(11,116)2
0=21.6

9.5 (a)Select coordinate axes such that the axis of the rod is the 3-axis, its center is at the
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origin, and @ lies in the 1, 3 plane.

2
From Table 8.3.1, [, =1, =%, I,=0

@=w(ésina+écosa)

x From equation 9.2.4,
ml’ ml’
12

] ) Ezgw(él sina+0+0)=¢, sina
e 2
1 L 1is perpendicular to the rod, and ‘L‘ = mllza) sina

(b) Since @ is constant, from equations. 9.3.5 ...

N, =0+0
. ml?
N2=O+(a)cosa)(a)sma) 17
N,=0+0
2 2
N=¢, ml o sinacosa

N is perpendicular to the rod (e, direction) and to L (¢, direction), and

2 2
~ mlw” .
‘N‘= B sIn o cos o

9.6 From Problem 9.4 ... &= (& +2é,+3¢,)

ek

I, :Emaz, I, =mma2, and 1, _2 e
12 12 12
From eqns. 9.3.5:
2 2 2 .2
Nl:0+i)—4(2)(3)n$ (5—10):—’"‘;“’ (5)
2 2 2 2
N, =0+2-(3)(1) 7 (13-5) =72 2-(4)
o’ ma’ ma’®’
N, =0+—(1)(2 10-13)=—-
o omat®’ L, . g\ mate’
|N|= T (5 +42+12)2 = T J42

9.7 Multiplying equations 9.3.5 by @,, ®,, and @, ,respectively ...
0 =100, +ww,0,(I,-1,)

0= 1,a,0, + 00,0, (1, —I)
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0 = Io,0, + 00,0, (1, - 1))
Adding, 0 =/,0,0, + I,0,0, + I,0,0,

d|1l
025[5(115012 + 1L, +I3a)32)}

From equation 9.2.5, 0 = %[T ]

rot

1, = constant
Multiplying equations 9.3.5 by /,@,, I,m,, and Lo, , respectively:
0=1Ioo +I1o0,0,(1,-1,)
0= 10,0, + Low,0, (1, - 1)
0 = {0, + Lo,w,0,(1, - 1))
Adding, 0 = I'o,0, + I é,0, + I; 0,0,
0 :%%(szf + Lot + o?)

From equation 9.2.4, 0 = i(Lz)
dt

I} = constant

9.8 From equations 9.3.5 for zero torque ...
0=1a0,+w,0,(I;—-1,)
0="10,+ow,(I,-1,)

From the perpendicular axis theorem, /; =1, + 1,
0=10 +w,w,
0=1Low,-owl,
Multiplying by % and %, respectively:
1 2
0 = w0, + w 0,0,

0=w,0,-w0,0,
Adding, 0= w,0, + 0,0 :li(a)2+a)2)
> 171 252 2dt 1 2

a)lz + 0)22 = constant
If 1, =1,, from the third of Euler’s equations ... (1, =0)

w, = constant

9.9 (a)From symmetry ... / =1, and [,=1,=1
From the perpendicular axis theorem, I, =1 +1, or I =2/
From eqn 9.5.8, Q=(2-1)wcosa
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For a =45°, Q:2

&

3 For 2% —1s, T =2% - [25s=1414s
@ Q
T, is the period of precession of @ about e, .

From equation 9.6.12,

T, == =0.45=0.632s

T, is the period of wobble of &, about L.
2

2
(b) 11=12=1=%(a2+“ }—17 e

16) 16 12
2
13=15‘:ﬂ(a2+a2):2‘ma
Co12 12
2 1 15w
From equation 9.5.8, Q=| — -1 |0—==——
a R N TN Y
16
T1:2—”:1—7x/§s:1.603s
Q 15
1
2 2 202
From equation 9.6.12, ¢ = w| 1+ 2 126 -1 L
17 2
$=1.5072w
2=2—.ﬂ= 1 s =0.663s
¢ 15072

. 1
9.10 From equation 9.6.10, tané = I—tana .
Since /, > 1, 6 <« and the angle between the axis of rotation (@) and the
invariable line (L) is 6.
From your favorite table of trigonometric identities ...

tan(a—@)— tano —tan @
1+ tan o tan @

e
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1
l1-— |tana

I
tan(a—é’):s—

1+itan2 a
IS

= tan! (1,—1)tanc
I +1tan’ &

) ) I )
9.11 ¢ -0 isamaximum for 75 a maximum.

tan o
2+tan’ o
dtan(a—0) 1 2tan’a 2-tan’«
dtna  2+tn’a (2+tan2 a)z B (2+tan2 a)z
dtan(a—0)
dtana
a=tan"' V2 =54.7°

tan(a—@)gﬁ:ﬂ

1 2 4
a—0<tan™' [%J =19.5°

For II—S=2, tan(a—@):

At the maximum, =0=2—-tan’

9.12 (a) From Problem 9.10, for /_ > I, the angle between @ and Lis...
I —1)t
o-0—tan | =Dt
I +1tan” o
From Problem 9.9(a), /, =2/ and tana =tan45" =1

a—60=tan"' ! =tan"' l =184"
(2+1) 3
2 2
(b) From Prob. 9.9(b), I, =2- Ma_ ond 1 _17 ma
12 16 12
(2_19 15
a—6=tan™' —7 =tan ' —=17.0°
2+ — 49
16
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9.13 From Example 9.6.2,  =0.2" and %: 1.00327

It follows from equation 9.6.10 that, for 7, > I , the angle between @ and L is:

s

I
a-0=a—tan™’ [l—tanaJ
For a so small,

1 1 Ia
tana ~a, and tan”'| —tana |~ —tana ~ —
1 I 1

N N N

a-0~a- o _ ﬂa
S IS
-0~ 00327 0.2=0.00065 arcsec
1.00327
2 2
9.14 From Table 8.3.1, I, = 79 and 1="2
3 @, =wé, and P = naw é,
. Selecting the 2-axis through the point of
A @, impact, during the collision ...
2
& Iﬁdt=7xﬁ=aé2xmzwé3=miwél
o= —=— 7 The only non-zero component of N is N,.
RS == T” During the collision @, =0, so integrating
P the first of Euler’s equations 9.3.5 ...

[Ndt=1o

Immediately after the collision,

ma*w( 4
o, = 7 =0
ma

(o, still is equal to @, and w, =0)
After the collision, N =0. From Prob. 9.8, with I, =1, for N =0,

o, = constant and o +®; = constant .

1
2 2\2
(0 +))

@

tano = = constant

Using the values of @, immediately after the collision ...

(o8 +0)

@

tana =

a=45°
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From equation 9.5.8, with & =@, + ®,é, = (& +¢,):
Q= (2—1)(\/560)(008450) =w

From equation 9.6.12 ...
1

é= x/Ea)[l +(22 —1)(0052 45° )}5 =5

9.15 N =—cd=—c(0é +0,¢, +wé;)
Say the 3 axis is the symmetry axis, [, =1, [,=1,=1
For the third component of equations 9.3.5 ...

—cw, =1.0,+0

@ __c
0)3 Is
- -
(0)3 )o Is
ct
D 2 w=(0,)e"
For the first two components of equations
935 ...
I N —cw, =1, +w,0,(1,-1), and

—cw, =10, + w0, (1-1))

Rearranging terms and multiplying by @, and @, respectively ...

,, +§a)12 +w,0,0,(1,-1)=0
0,0, +§a)22 —ww,0,(1,-1)=0

Adding, o0, + @,0, +§(a)12 + a)zz) =0

1 2c
(orral]ar @ )T

o+, 2
ora) 1

2ct
2 2 2 2 7
(a)] +a)2)=(a)l +a)2)oe !

1 1 c

2 2\ _ 2 2\2 1
(@ +02) = (0} + 02 ) e

2L 2 )2 ,6[1;]
tana:M:(tanao)et ;
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For I >1, (%_Il] >0 and o decreases with time.

N

2

9.16 (a) From table 8.3.1... [, =22

about the symmetry (spin) axis.

2

I = m% about an axis through

cm disk

the center of mass of the disk and L

to the spin axis. From the parallel
axis theorem, equation 8.3.21, ...

1,

2 2
1,, = % +m (%J about the pivot

point.

y 2

1., = [%J% moment of inertia of
the rod about the pivot point. Thus ...

ma* aY m\a® 2
I:Idisc—i_lmd: 4 +m(5j +(Ej?=§ma2

1
1,8 +(I7S* —4Mgll cos 0)?

From equation 9.7.10, ¢ =

21 cos@
1
2 2
_ 1 LSi I SZ_4Mglcosﬁ
2cos@ | 1 I I
ma*
I—S= 22=§,0050=cos45°=L
I 2ma” 4 V2
3
m\a
m+— || —
w (733 5 o
= 2 =—=—0Ccm
1 2ma 8a &0

- pomom[ e o) 82)]

¢ =15.1rpm or 939 rpm
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(b) From equation 9.7.12, I2S* > 4Mgll

w 3N8) s 5

I 4
_:_’_:—2 =—=—"Ccm
I, 3 I ma 2a 20

2
2
S?> Mgl 1 = 4(icm_lj(9800m-s_2)(ij 60rp_nl¢
I, I 20 3)\ 2rxs
S >267rpm
9.17 (Neglecting the pencil head) From Table 8.3.1, —> b €
b 2
m[‘zj mb2 O ..................

]S‘ ="— = —

A 2 8 (/’ ————— ~
The moment of inertia of the pencil about an axis thru its N SN %

center of mass and L to its symmetry axis from equation

(bjz
_ , ) )
8326 IC:m 2_+(l :m(b a ]

_+_
4 12 16 12

2 ) ) | D A
From the parallel axis theorem, / =1 +m (%j = m(lb—6+%J v

4Mgll

2
s

From equation 9.7.12, S* >

a b a
dmg| — |m| —+—
2 16 3
m*b*
64

1 1
2 2 |2 2 2 |2
o2 3ier S e 5 e

S >18,294rad -s™' =29107ps

S? >

9'18 Is :Irim +Ispokes +Ihub
B , _ma
Irim =m,a = T
a@ ma’
spokes = Mpotes 3 , assuming the spokes to be thin rods

1,., =0, assuming its radius is small
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From the perpendicular axis theorem, equation 8.3.14, [ =—*

From equation 9.10.14, S*

5[ 1__mao

>

N | —

Imga

I ([S +ma2)

2 ( Tma* 5
+ma
12

1
)
19a

For rolling without slipping, v =asS

30
2

1

) 2
= frs =355 fr-s

If the spokes and hub are neglected, / =

{

% 32){) ’
v>(&j _\2) ft-s =3.65ft-s"

1
N mga

+ma
2

30

3 3x12

Loy +(1,—1,) 0,0, =0
Lay +(1, - 1) w0, =0

Lo, +(1,-1,) o0, =0

2
ma

g y
3a

9.19 From equations 9.3.5 with N =0 ...

Differentiating the first equation with respect to t:
Lo, + (1, - 1) (@,0, + d,00,) = 0

From the second and third equations:

(13_11)

w, = 7 0,0,, and @, =

2

(11_12)
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(11_12) 2 (]3_11) 2}=O
1

L, +(1, —12)[
3 2

5+ Ko =0, K :_%{(13 ~L)(1, —11)}0)3{(13 ~L)(I, —11)}

11,

(a) For w, large and @, =0, K, >0 so &, + K,w, =0 is the harmonic oscillator

equation. @, oscillates, but remains small. Motion is stable for initial rotation
about the 3 axis if the 3 axis is the principal axis having the largest or smallest

moment of inertia.
(b) For @, =0 and w, large, K, <0 so &, + K,m, =0 is the differential equation for

exponential growth of @, with time: @, = Ae™ + Be ™" Motion is unstable

for the initial rotation mostly about the principal axis having the median moment
of inertia.

920 /= Zm,.xi v, =0 since either x; or y, is zero for all six particles. Similarly, all the

(0,0,¢) other products of inertia are zero. Therefore the
coordinate axes are principle axes.

¢ Ixx=Zmi(yi2+zl,2):m[0+0+b2+(—b)2+cz+(—c)2}
xszm(b2+cz)
o— @ (0.b,0) L =2m(a+c?)
(Cl,0,0) 122221’1’[(6124'1)2)
® b +c? 0 0
I =2m 0 a’ +c? 0
0 0 a’+b*
a
G (arbtres) e |
(a2+b2+cz)5 (az+bz+cz)E c
From equation 9.1.28, L=1&
b*+c? 0 0 a
sz—wl 0 a’+c? 0 b
(az+bz+cz)E 0 0 a+b | c
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)
R
)

(a +b*+c’ ) (

From equation 9.1.32, T =

l\)lr—‘

2me*
T:ﬁ(a2b2+a2c2+bzcz)
a - +b +c

9.21 For Problem 9.1:

S = N

Gle

~
Il
3
)
|
|
S Wk ro
o
!
Il

W | L\

W |

ma*w

NG

ma’w 4| mdw

S Wl— o=
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For Problem 9.4:

(13 0 0 1
-  ma 0]
I= 0 10 0, B=—|2
12 J
0 0 5 E
. (13 0 0)(1 13
- . ma @ ma @
=io= 0 10 0f2|= 20
V14| 0 5] 12V14)
1 1 ) 13
- W ma w
T=—@L=r—m(l 2 3)20
2 NI ) s

2
D134 404 45) = ma’e’
24(14 24

9.22 Since the coordinate axes are axes of symmetry, they are principal axes and all
products of inertia are zero.

z > From Table 8.3.1,
_m 2 2] _Mm gy, 2
/ Ixx_lz[(Zb) +(20)']= (e

| m m
T i P Iyy:?(az-i-cz), Izzzg(a2+b2)
2c i//' ) b*+c* 0 0
l ):f ____ 7 > / ! :% 0 a’+c’ 0
y /’, a 0 0 az + bz
x/4217 >/ ’ a
d=—(ad +bé, +cé,) = ——o b
c

(a2+b2+cz)5 (a2+b2+cz)

From equation 9.1.28, L =&

b*+c* 0 0 a
L= maw - 0 a’+c? 0 b
3(a2+b2+cz)5_ 0 0 a’+b* || ¢
_a b2+cz)
L= me 1 b(a2+cz)
3(a2+b2+c2)5 c(a2+b2)
1

From equation 9.1.32, T=—&" - L

135



a(b2+cz)

1 2
T:E 3((12 TZZ +C2)[a b <] b(a2 +cz)
c(a2 +b2)
2
T = 6(a2’-7:2)2+c2)[a2(b2+cz)+b2(az+Cz)+cz(a2+b2):|
2
T=arpea) ()
With the origin at one corner, from the parallel axis theorem:
2 2
I, :M—Fm(bz +Cz) :4Tm(b2 +cz)
L), )

I, = —'[xydm = —J.xypdV

I,=-p x::a yZOZbJ-Z:OZC xydxdydz = -8 pazbzc
x= y= z=
m= p(2a)(2b)(2c)=8pabc,so I, =—mab
I, =-mac, I, =-mbc
i(b2 + cz) —ab —ac
3
T 4 2 2
I=m —ab —(a +c ) —bc
3
—ac —bc i(a2 +b2)
L 3 )

9.23 (See Figure 9.7.1)
L= (L) + (L), +(L),
L =L,sin@+L, cosf= (I&sin@)sinéﬂ (1,5)cosd

9.24 (See Figure 9.7.1) If the top precesses without nutation, it must do so at 8 =6,
where V(Go) is a minimum of V(G)

dv ()
o |,,
2
V(o)= (L, ~ L, c0s) +mgl cos @ (See equation 9.8.7)

27sin’ @
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dv|  —cosf, (L ~L, cosb, ) +L,sin? @, (L, — L. cos,)
d9|€=6,ﬂ - Isin® 6,

let y=L —L_ cosO,

Then y°cos@, —yL_sin’ @, +mgll sin* 6, =0 and solving for y

1
.2 2
:LZ, sin” @, 1+ 1_4mg112003490
2cosb, L

'
z

—mglsind, =0

now L is large since y is large and the precession rate is small, so we can expand
the term in square root above and use the (-) solution since ¥ must be positive ...
L_sin* @ 2mgll cos @
P il Iy B g—2
2cosd, L

mgll sin” 6,
L,

z

From equations 9.7.2,9.7.5 and 9.7.7 ...
L =1¢"sin’ 6, +]1, (¢fcos6’0+l/})cos6’0 and ...

y=L —L.cosO =

L. cos, =1 (¢cos,+yr)cosb, SO ...
y = (Isin2 0.+1, cos’ 90)¢+IS wcosO —1 ¢5cos2 0 —1 ycoso,

. -
=Isin’* 0. ~ mgllsin” 6, mgllsin” 6,

and since ¥ >> 0, we can ignore

L, I (z/'/ +pcos (90)

the ¢ term in the denominator and we have ...
. mgl
p~"%
Ly

Hence, if y large, 9‘9 )= 0 and ¢‘g , :1;1_g.l the top will precess without nutation
~ - Ly

at 6, =0, the place where V (9) =min.

9.25 b +b, =3 (gj

ﬁ=sin30°:l
] 2
a
H
b=—" b =1
23 NE)
b
2 a* =H* +b]
Hz—az—bz—az—a—z—z
_ ? = _

137



H = za
3

Thus, the coordinates of the 4 atoms are:

Oxygen: (0,0,H)
a a
Hydrogen: -b,—,0 ;| =b,——,0
ydrog ( 1 j ( b j
Carbon: (bz,0,0)

(a) The axes 1, 2, 3 are principal axes if the products of inertia are zero.

1, =Y mxy, = O+(—b1 %J + (—bl (‘—;D+ 0=0

-1,.,=0+0+0+0=0
-1 _=0+0+0+0=0 The 1,2,3 axes are principal axes.

(b) Find principal moments

2 2
67
I =1_= (v +z2)=16H* +1 a +1 a) b5
1 xx Zmz(yz Zz) (2 5 6Cl

89
12:IW:Zmi(xiz+Z?)=16H2+1(b12)+1(b12)+12b22:?az
aY aY) , 14,
per=Tmletot)=os{ s3] (5 Jrr =5
o 0 0
6
I=0 89 0 |a®
6
0 14
3

(c) I, <1, < 1, therefore rotation about thel-axis is unstable (see discussion Sec. 9.4)
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CHAPTER 10
LAGRANGIAN MECHANICS

10.1 Solution ...  x(¢)=x(0,¢)+an(t)

x(1)=x(0,1)+an(t)

where x(0,¢)=sinwt and x(0,7) = wcos wt
1 1

Tzam)'c2 V:Eloc2 :lma)zx2

so: J(a)z%]%(fcz —a)zxz)dt

5]
- %I[(m cos wt + m’y)2 — o’ (sinwr + 0577)2 } dt
4

15} 2 0

J(a)= %tja)z (cos2 ot —sin’ a)t)dt+maa)j(ﬁcos wt —wnsinot)dt + azm J‘(fyz —a)znz)dt

4

Examine the term linear in ¢ :

15}

t f
j(ﬁcos ot —wnsinot)dt =n(t)cos a)t[2 + J.a)nsin otdt —J-a)nsin otdt =0

(1 term vanishes at both endpoints: n(tz) = 77(tl ) =0)
50 J(a):%ma)z!:cos2a)tdt+%ma2!(7'72 —a)znz)dt

_1 1 . 1 2t2 22 2.2
_Zma)[s1n2a)t2—s1n2a)tl]+5ma ;!-(77 -w’n )dt
which is a minimum at a =0
10.2  V =mgz

T=%m(5c2+j/2+z'2)

L:T—V:%m(fcz +37 +2")—mgz

oL oL ) oL

. = mx, —=my, —_=mz

ox oy oz

d[@LJ d (oL d[@LJ

—| | =mx, —|—|=my, —| — |=mZ
dt\ ox dt\ oy dt\ oz
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oL_oL_, oL

- = = 5 =—m
ox Oy 0z &
From equations 10.4.5 ... oL_d a—L =0
g, dt\ 04
mx=0, mx = const
my =0, my = const
mz =—mg

10.3 Choosing generalized coordinate x as linear displacement down the inclined
plane (See Figure 8.6.1), for rolling without slipping ...

X
ow=—
a
.\ 2
T:lm)'c2+lla)2=lm)'cz+l gma2 X :lmx2
2 2 2 2\5 10

For V' =0 at the initial position of the sphere,
V =—-mgxsin @

L :T—V:%m)'c2 +mgxsin@

oL 71 . d(&j 7 .
— =—mx, —| = =§mx

o 5 dr\ ox
oL =mgsiné
ox

gm)'c':mgsiné’
5 .

X=—gsind
78

From equations 8.6.11 - 8.6.13 ... X zgg sin@

10.4 (a) For x the distance of the hanging block below the edge of the table:

T:%mxz—k%mxz:mxz and V =-mgx
| - L=T-V =mx’ +mgx
a—L:me, i[a—szbnx
ox dt\ ox
“,
Ox &
2mx =mg
i=£
2
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10.5

T m' . X X m'g
b)Y T =mx* +—m'x* =| m+— |x* and V =-mgx—| =m' |g==-mgx——=x"
®) 2 ( 2) & (z jgz 77
L=T-V=[m+ )'c2+mgx+ng2
2 21
a—L.:(2m+m')5c, i[a—L_j:@erm'))'é
ox dt\ ox
oL 'g
—=mg+ X
ax 8T
(2m+m')x—mg+ lgx
g( ml+m'x

The four masses have positions:

mp: X +Xx,

my: Il —x +x,
mz: L—x,+x
my: L—x,+—x

V:—g[ml(x1 +x,)+m, (I, — x, +x2)

+m3(lz—x2+x3)+m4(12 -x, +1, —x3)]
T:%[ml(fcl 3, ) 4y (= + 5, )

by (= +3 )+ (=, =5, |

L:T—V:%ml(xl +%,) +%m2(—xl+x2)2+%m3(—fc2 +x,)

+5m4 (—)'c2 - X, )2 + gx, (m1 —mz)-i-gx2 (m1 +m, —m, —m4)+gx3 (m3 —m4)+c0nst.

oL . . . .
gzml(xl+x2)—m2(—xl+x2)

1

:(ml +m2)xl +(m1 _mz)xz
d oL ..
Eg:(ml +m2)xl +(Wll —mz)xz
1

oL
g:g(ml _mz)

1

(m] +m2)5c'] +(ml —mz)x2 =g(m] —mz)
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oL L o o L
:ml(x1 +x2)+m2(—x1 +x2)—m3(—x2+x3)—m4 (—xz—x3)

o,
oL
g=g(ml+m2—m3—m4)
2
(m1 —mz)y'c'1 +(m1 +m2+m3+m4))'c'2+(m4—m3))'c'3 zg(ml +m2—m3—m4)
oL L ..
g=m3(—x2 +x; ) —m, (=X, — X;)
3
oL
a_)%:g(”% _m4)

(m4—m3))'c'2 +(m3+m4))'c'3 =g(m3—m4)

For  m=m, my=4m, m,=2m ,and m, =m

Smx, —3mx, =-3mg, X, :g()'c'z —g)
=3mx, +8mx, —mx, =2mg
—mx, +3mx; =mg, X, :E()'éerg)

Substituting into the second equation:

—2)'6 +2 +8X —ljc' L =2
3 Sg 273 h 3g g

88, .8 -8
152155 11
s o3 10 ) __6
TR TR
e _1(2 ]_i
TR BT
Accelerations:

m: X +X,=——

1 1 2 llg

m,: —)'c'l+)'c'2:ﬁg

my: =X, X, =—

3 2 3 llg

my =¥ - =——

4 2 3 llg

10.6 See figure 10.5.3, replacing the block with a ball. The square of the speed of the
ball is calculated in the same way as for the block in Example 10.5.6.

v = &%+ 1" + 255 cos 0
The ball also rotates with angular velocity o so ...
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T:lmv2+lla)2+lMx2
2 2 2

For rolling without slipping, @ = roq= gma2
a

T =lm(>'c2 + 57 4 2%k cos@)+lm)k'2 e
2 5 2

V =—mgx'sin@ , for V' =0 at the initial position of the ball.

L=T-V :%m(fcz +%x'2 +2)'c5c'cos6’] +%sz +mgx'sin @

oL 71 . d (oL 7T ., ..
— =—mx'+mxcosd, —| — |=—mX"+ micosO
ox' 5 dt\ ox'

8—ermgsinﬁ

Ox

gmjc“rmjécos@ =mgsind

¥ =§(gsin9—5c'cos9)

—L':m)'c+m5c'cos6?+M5c, i[%j:(m+M)x+mX'cos0
ox dt\ ox

or_,

ox

(m+M)i+mi'cosd=0
(m+M))'c'+§mgsin6?cos¢9—§m)'écosz920

Smgsinfcosd
X= =
Smcos® 0 —T7(m+M)

10.7 Let x be the slant height of the particle ...

V=X + X0’

T= lmv2 zlm()'c2 +x2w2)
2 2

V' = mgxsin @ = mgx sin ot

1 .
L=T—V=5m()&+xza)2)—mgxsma)t

oL . d(&L] y
— =mXx, —| — |=mx
ox dt\ ox

— =mx@” —mg sin wt
ox

o 2 .
mx = mx@~ —mg sin wt

¥—w’x =—gsinot
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The solution to the homogeneous equation
¥—w’x=0,is x=Ae” + Be™
Assuming a particular solution to have the form x, = Csin o,

—@’Csinwt — @’ Csin ot = —g sin ot

c=-5
2w
x=Ae” + Be™™ +izsin wt
20
Attime r=0, x=x, and x=0
x =A+B
0=wA-wB+-S-
2w
1 g
A=—|x, —==
2 20
le x, + gz]
2 20
X=x _l(ewt+€m) _ g l(ewt_e—wt) + g
‘L2 20°| 2 20’ sin ot

From Appendix B, we use the identities for hyperbolic sine and cosine to obtain

g2 sinh wt + g2
20 20

x =x, coshwt — sin wt

10.8 In order that a particle continues to move in a plane in a rotating coordinate system,
it is necessary that the axis of rotation be perpendicular to the plane of motion.

For motion in the xy plane, @ =k .
v :\7’+c7)><?”=(fx+}y)+l€a)x(z°x+]'y)

\7=f()k—a)y)+j(j/+a)x)

1 . . my. . .
Tzamv-v:E(x2—2xa)y+a)2y2+y2+2ya)x+a)2x2)
L=T-V
%) . d (oL . .
L m(i-am). 5(5]—7%()6—(0)/),
Z—i:m(yawa)zx)——z

V

— — 2 -
m(X-wy) m(ya)+a)x) .
Fx=m(x—2a)y—a)2x)
a—L_:m(y+a)x), i(a—lem()Ha)x),
oy dt\ oy
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F,=m(j+20i-o"y)
For comparison, from equation 5.3.2 (;10 =0 and ®=0)
F=ma'+2mé@xv + médx (& x ')
F:m(f)'c'+jj})+2mwl€x(fx+j'y)+ma)/€x[a)lgx(fx+]A'y)}
F. :m()'c'—2a)y—a)2x)
F, :m(j}+2a)5c—a)2y)
10.9 Choosing the axis of rotation as the z axis ...
\7=\7'+c?)xf’=(fx+}y+l€z')+a)l€x(fx+}y+l€z)

V=i(k—oy)+j(y+ox)+i

T:%mﬁ.f;:%()'cz —2kwy+ @’y + 3+ 2y0x+0’x +£)
L=T-V

Lonli-or) L] m(-an).
S=miorot) -2

m(x—wy)=M(i’0)+0)2x)_(2—:

a—L=m('+a)x) 4oL =m(j+wx)
PR S A (P 4
oL ) oV
5=m(—xa)+a)2y)—5
m(j}+a)X):m(—5ca)+a)2y)—z—;
F,=m(j+20i-0'y)
oL . d(&Lj . oL oV
—=mz, —| — |=mZ, — =
oz dt\ 0z oz Oz
méz—aa—V:Fz

zZ

From equation 5.3.2 (;10 =0 and ®=0) ...
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F:mﬁ'+2m5)x§'+ma3x((?)xf’)

F:m(fx+}j}+/€2)+2mw1€x(fx+jy+1€z')+mwl€x[wl€x(fx+jy+l€z)}
F,=m(i-20)-x)

F,=m(j-20i-0"y)

F, =mz

10.10

T:%m(fz +r292)

-- V:%k(r—lo)z—mgrcosﬁ

0 A L oL . d (8Lj )
/// - = mr, — | = |= mr
or dt\ or
Z—L: mro® —k(r—1)+mgcos6
B
mit = mri* —k(r—1)+mg cos6
8_L' = mr’0 oL =—mgrsin @
00 00
%(mrzé) =—mgrsin @
10.11 (See Example 4.6.2) X = %(20+ sin 20) y= %(1 —CoS 20)
at 0=0 x&y=0

" T:%m(fc2+j/2) V =mgy
| 6
+

X =%(9+9cos2¢9) =a7(1+cos 20)

a -
y = —@sin 20
>

_T_y— 2 ain2op |89 1 _
L=T-V = . [(1+cos26’) +sin 20} A (1—cos20)

- [1+2c0s20+1]—%(1—cos26’)

- ma;g'z [cos2 49] —%[sin2 0}

A' \ L:T—V:%(rz+r292)—§(r—lo)2+mgrcosﬁ

where we used the trigonometric identies ... 2cos” @ =1+cos26 and 2sin® @ =1-cos 26
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Let s=asin@ SO §=abcosf

%)
s mg o Lo Lie where k=T
2 2a 2 2 a
The equation of motion is thus
§+s=0o0r§+Z5=0 -a simple harmonic oscillator
m a
10.12 Coordinates:

x=acoswt+bsinf
y=asinwt—bcost

% =—awsin wt + bl cos O
y =awcoswt +blsinf

L:T—V:%m()'c2 +)'/2)—mgy

= %[azaﬁ +b°0" + 2b0awsin (0 —a)t)} —mg (asinwt —bcosO)
d oL

= —mb*O + mbaa)(é? - a))cos(é? —ot)
dt 06

a—g = mbOaw cos (0 —wt)—mgbsinf

The equation of motion — =
06 dt ol
5—w%cos(ﬁ—a)t)+%sin6’ =0
Note — the equation reduces to equation of simple pendulum if @ - 0.

10.13 Coordinates:
x=Icoswt+I[cos(0+wr)

y=Isinwt+Isin(6+wot)

)'c:—wlsinwt—(9+w)lsin(9+w1)

v =a)lcosa)t+(9+w)lcos(9+wt)
L :T:%m(jc2 +j/2):%m12 [a)2 +(9'+a))2}+...

...mlza)(é’—i-a))[sin wt (sin @ cos wt + sin wt cos @) + cos wt (cos & cos wt — sin wt sin 0)]
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(2)
(b)

:%mlz[a)z+(¢9+a))2}+mlza)(9+a))cos0
oL doL_,

00 dtob
ml* (é—wésin9)+mlzw(9+a))sint9=0

O+w’sind =0

The bead executes simple harmonic motion (6’ > O) about a point diametrically

opposite the point of attachment.

(©)

£

The effective length is "[" ==
@

10.14 v = jat+ lé(fcos 0+ jsin 9)

=ilf cos 0+ j(at +10sin6)
T=Lmy.5= %(129‘2 cos> 0+ a’t* +2atlfsin O + 1°6° sin® 9)

V= mg(%atz —lcos&’]

2
L=T-V = %(1292 +a’t’ + 2atlésin9)—mg (%—ICOSQJ

a_ ml*0 +matlsin 0 4oL
0 o0

o j = ml*0 + mal sin @ + matlf cos O

2—L = matl cos 6 — mgl sin O

mi*0 + mal sin @ + matl0 cos 0 = matl0 cos @ — mgl sin O

9+a+gsin9=0

For small oscillations, sin& ~ 8

6+2 890

7= _op |t
w a+g

1 1

10.15 (a) T=5mx2+5192 and I=§ma2

T:lm)'cz+l gma2 0?
2 2\5

V =—-mgx
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L=T-V :%m)'c2 +%mazt§)2 +mgx
The equation of constraint is ...
f(x,0)=x—-af=0

The 2 Lagrange equations with multipliers are ...
oL d oL P o _ 0

Ox dt ox ox
oL 4oL L9
00 dtod 06
a—L‘zmx ia—L:mx a—Lzmg ﬂg:/l
ox dt ox ox ox

v mg—-mxi+A=0 and from the #-equation ...

m ..
& —%mazé’ -Ada=0

Differentiating the equation of constraint ... # =— and substituting into the above ...
a

5 2
¥=—¢g and A=——m
7g 7 &

(b) The generalized force that is equivalent to the tension T'is ...

of 2
0, o -me

10.16 For V' the velocity of a differential mass element, dm, of the spring at a distance
x" below the support ...

*’=£\7, dm ="y

X X

1 w 1 ©1 " m'
T=—mv’+| —( ')2 dm=—mi®+ [ = T | Zax

2 02 2 0 X X
T—lm)'c2+——x2

2
V:%k(x—l) —mgx— [ gx'dm

1 c m

:Ek(x—l) —mgx—j gx'—dx

V—%k(x—l)z—mgx——gx
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Z—iz—k(x—l)+(m+m7jg

(m+m?’jjé:—k(x—l)+(m+m7’jg

For y=x—l—§£m+ﬂj,
k 2

(m+m?ljj}+ky=0

The block oscillates about the point x =/ +%(m +m7j

with a period ...

10.17 Note: 4 objects move — their coordinates are labeled x,: The coordinate of the
movable, massless pulley is labeled x, .

Two equations of constraint:
fl(xl,xp)zxp —(I-x)=0
f2(x2,x3,xp>:(x2 +x3)—(2xp +l'):0

1
L=T-V =—mx —m,gx +me22 —M,gx, +—mX; —m,gx,
L d oL o,
8———8—4'2&]4:0
aql dt aqt J aql

Thus: (1) -mg—-mx,+ A, =0

(2) -m,g —m,xX, + A, =0

3) -myg —m¥; + A4, =0
Now — apply Lagrange’s equations to the movable pulley —note m, — 0
So:

4) %+/12%:0g21—222:0
ox 0

P P
Now - x, can be eliminated between f and f,
fr=2fi=x,+x,+2x,—(20+1")=0
(5)  Thus X, +X,+2% =0
With a little algebra — we can solve (1) —(5) for the 5 unknowns X,,X,,X;,4,, and 4,
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2
21: £ 2“2: g

1 1( 1 1 1 1( 1 1
— | —+— | —+—
m, 4\ m, m, m, 4\ m, m,

As the check, let m, =m, =m and m, =2m .

Thus, there is no acceleration and 4, =2mg v

10.18 (See Example 5.3.3)

(a)

Constraint:  f(6)=0—-wt=0 A

SO ...

SO ...

thus ..

now

(b)

r=re, y

7 =re +rbe, !

T

O=cw and 6 =0
T:lm(f2+r292):
2

AL _doL_ oL diL o
or dt oF 00 dtod 00
i=o'r —2mri@—mr*@+A=0
r=Ae” + Be™ r(0)=0 apply constraint
F=wde” —wBe” F7(0)=wl
A+B=0 A =2mrro
wA—-wB =wl
24A=1 A= ! B= L
2 2
Z —[l)t
r=—
S(e =)
r =[sinh ot -
) A =2maw"[" sinh wt cosh wt
7 = wl cosh wt
r=1latt=T so T:lsinh’llzw
@ @
There are 2 ways to calculate F ...
(i) See Example 5.3.3 ...
F =2mwx’
' l ot —wt 1 wl ot —wt
x—E(e —e ) and x—;(e +e )

F =2mw*l cosh wt

(ii) /1% is the generalized force, in this case — a forque T, acting on the bead

T:erig
00
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Ao 2ma*1* sinh wt cosh wt
r 00 [ sinh wt
= 2mw*l cosh wt

F

10.19 (See Example 4.6.1) The equation of constraintis  f(r,0)=r—a=0

™

myg ., 242
T=—\(r"+ré6 V =mgrcos@

L =%(f2 +r292)—mgr cosd

aL_doL, o

or dior or
oL _doL ,d _, g_, L/
06 dio6 o6 or 20

Thus  mré* —mgcos@—mi+ =0
mgrsin @ —mr*0 —2mri6 =0
Now r=a,r7r=¥=0 so
ma6* —mgcos@+1=0
mgasin @ —ma*6 = 0
0=55sin0 and 9=9d—9
a do
SO jéd@zgj-sinﬁdﬁ or 9—2:—§00s9+£
a 2
hence, A=mg(3cosf-2)
and when 4 — 0 particle falls off hemisphere at

6. =cos™ (gj
3

10.20 Let X, mark the location of the center of curvature of the movable surface relative

to a fixed origin. This point defines the position of m,. 7 marks the position of the

particle of mass m;. 7 is the position of the particle relative to the movable center of
curvature of m,.

o I - 1 -
%, Kinetic energy T :Emzxz2 +§mlrl2

; PR (3 4F) (R F) =R 4P 425, 7
but ¥ =ré +r6é,
1 ., 1 o . = -
ST==mx>+—m| X2+ +r0* +2x, -(rée. +réé
2°V2 2 1 2 2 r (4

= %mzxf +%m1 [x§ +7° 41207 + 2x,r0sin 6 — 2,7 cos 49]
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Potential energy V =—mgy =—mgrsin@
L=T-V
I

Equation of constraint f (r,0)=r—a=0

Lagrange’s equations or_4d 8_L +A 9 =0
Ox, dt\ 0x, Ox;,

1

X2) —m,X, —mX, —m, %[r@ sin@ —r cos H] =0

m,x, —mx, —mli[fésin9+résin0+r92 cos&—z’cos@+f95in0] =0
dt

Cor %:

g

ox,

using constraint r=a=constant ; r =¥ =0

i, = ——4 a(ésin0+92 cosﬁ)

m, +m,

0) ~1?0 — 2770 — ¥,rsin @ — x,7sin O — x,r0 cos O + x7sin @ + x,76 cos O + gr cos O = 0
using constraint r=a=constant; r=r=0)

—-25in0+5cos0=0

a a
r) —f+jézcosﬁ—x295in9+r92+)'c20'sin9+gsim9+izo
ml

Apply constraint...

X, cos @ + ab’ +gsin¢9+i=0

m,

Now, plug solution for X, (1) into equation (2):

/- (9sin9+92 cosH)sin0—§00549 =0

m, +m, a
4'9'(1—fm1 sin’ 9)—6"2]‘,”l sin@cosf - cosf =0
a
where f, = ™
om+m,
Now g:ﬁ:ﬁﬁ:gﬁ:i{lgz}
dt do dt do do (2

So —let x = 6?

dx . : 2g

—|1-f sin” @ |-2xf, sin@cosd——=>cosf =0

LI sin” 0]-24, .

Let y=1-f, sin” @
d(sin@
d0 d0 a dO
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J’X('9='9) sin@

a

Hence: d(yx)=2—gd(sin6’) and I d(yx)=27g J. d(sin6)
0

yx(HzO")
but x=6>=0atf=0" so

yx(0)= 2—gsiné?
a

o 2g sind
0)=0"="—————
x(9) a [l—fm1 sinzﬁ]

Now we can solve for 6 and plug 6°, 8 into (3) to obtain 1(0)

. od (1 ., gd sin@
=—i-01=L£ | "7
do (2 adf|1-f, sin" 0
After some algebra — yields

5 %o (1+ £, sin*0)
a (1~ f,sin’0)

The solution for A (0) is thus determined from equation (3)

0’ ~fo [ésin@cos@+92 cosé?]+§sin¢9:_i

a ma
collecting terms:

éz(l—fml 0052(9)—(§fm1 sin@cos@+Esing = -
a

ma

Plug 6, 6 into the above --- plus --- a lot of algebra yields ...

2(6) 2f,,sin@~f, sinfcos’ tﬁ?[l—fm1 sin’ 9}
mg (17, sin*6]

m,

where f =
tom+m,

As a check, let m, — o so it is immoveable ... then

my
and we have

A(O
—Q — 3sind ... which checks
mg

_1 2_1 52 2752, -2
1021 @  T=_mv —Em(R TR +2)

L:T—V:%(R2+R2¢32+22)—V

+sin@

—1 and f

a—L,=mR, ita_Lj_mR, a—L=mR'2 v
OR dt\ OR OR OR
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ov

i=mrg -2~
mR = mR¢ R
mR'—mRé2 =0,
a—L.:mRzé, 4
o¢ dt

mR2 ¢+ 2mRRG = —
¢ ¢ Y

oL
of

oV

oL ) d
0z dt
.. oV
mi=———=0.
0z

aL
oz

[

J

—mR§+2mRRG, L=V
op  0¢
Oy
oL oV
= Z, _—=———
0z oz

For F =ma , using the components of 4 from equation 1.12.3:

FR=m(R'—R¢£2),

F, =m(2R¢ +R§),

F =mz

From Section 10.2, since R and z are distances, O, and Q. are forces. However, since

¢ is an angle, O, is a torque. Since £ is coplanar with and perpendicular to R,

O, = RF, ... and all equations agree.
(b) V=72 41207 + 12§ sin* 0
L=T-V =%(r'2 +r20" + 2§ sin? ) -V
oL d (8Lj
—=mr 5 _
oF dt\ or

mit —mr@® —mre¢’ sin® 0 = —

oL
— =mr
00

4
dt

25
b

mr*0 + 2mri6 —mr*g* sin@cos = —

o _ mr’psin® @,
o¢

a_ov

op  0¢

mr*gsin® @ + 2mrigsin® 0 + 2mr*O sin 6 cos 6 = —

[

oL
00

4
dt

(

oL
o¢

r,

oL = mr@* + mrg* sin® @ _r
or or

oV
E - Qr
= mr*0 +2mri0, oL _ mr*¢* sin @ cos O _r
00 00
oV
20 O,

] = mr’@gsin® 0 + 2mrigsin’® 0 + 2mr*Opsin O cos O,

oV

9

O, isaforce F,. O, and Q, are torques.

Since ¢ is in the Xy plane, the moment arm for ¢ is rsin&;ie. O, =rsinF;.

O, =1F,.
From equation 1.12.14 ...
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m(if'—rgz.ﬁz sin’ H—ré’z) =F
m(ré+ 270 —r¢’ sin 6 cos 9) =F,
m(r&sin@+2f¢sin0+279¢fcos9) =F;

The equations agree.

10.22 For a central field, V' =V (r), so v _r_ 0 and a_ -F.
060 0¢ or
For spherical coordinates, using equation 1.12.12:
Vv =72 + 2@ sin® 0 +1°0*
L=T-V :%(ﬁ + 12§ sin> 0+ 126" ) -V (r)
a—L.:ml}, i(%jzm;’, a—L:mré2 sin’ @ + mro* _8_V
or dt\ or or or
mi —mrg’ sin> @ —mré* = F,
oL _ mr'o, 1(6—]4} = mr’0 +2mri0 , oL _ mr*¢* sin @ cos O
06 dt\ 00 06
mr?0 + 2mrir@ — mr’¢* sin @ cos @ = 0
8_L_ =mrigsin’ 6,
o¢
d aL 2 . 2 . g . 2 2 7 A .
—| — |=mr-¢sin” @+ 2mrrgsin” @+ 2mr @6 sin 6 cos 6
dt\ 0¢
%o
o¢

mrigsin® @ + 2mri-gsin® @ + 2mr*$6sin O cos O = 0

10.23 Since € = a = constant, there are two degrees of freedom, » and 6.
V., =F, V= résina
_ 1 2 1 .2 272 -
T—Emv —Em(r +r¢ sma)
V =mgrcosa

L=T-V :%(fz +r%¢? sin’ a)—mgrcosa

— =mr, —| — |=mF, — =mr¢”sin” a —mgcosa
or dt\ or or

mi = mré?* sin® a — mg cosa

a—L.:mrzésinza, 8_L:0

o o¢
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i(mr%sin a) =0

dt
Say  mr’gsina = ( =constant
(2
mi' =———mg cosa
mr
d . 1d .,
F=—F=—F=——TF
dt dr 2dr
m 0 dr
—d (i) =—-——mgcosadr
2 ( ) mr &
mi? /?
=— s—mgrcosa+C
2 2mr

The constant of integration C is the total energy of the particle: kinetic
energy due to the component of motion in the radial direction, kinetic energy due to the
component of motion in the angular direction, and the potential energy.
62
Ulr)= +mgrcosa
( ) 2mr’ &
For ¢#0, (#0, and turning points occur at 7 =0
2

Then 0=- >—mgrcosa+C
2mr

2

l
S_Crr+2—=0
(mgcosa)r Cr

The above equation is quadratic in r (/> oc 7*) and has two roots.

2

10.24 Note that the relation obtained in Problem 10.23, (mg cos a) P —Cr? +2l— =0,
m

defines the turning points. For the particle to remain on a single horizontal circle, there
must be two roots with » =7. Thus (r -r )2 divided into the above expression leaves a
term that is linear in r.

r+(2r, —c)

r2—2rro+r02>r3—Cr2 + fz/2m

P =2r'r +r’
(21”0 —C)r2 —r’r
(2}; —C)r2 -2r (2ro —C)r+r02 (27; —C)
[2r(2n,-C)=r7 |+ £ )2m—1?(2,-C)
For the remainder to vanish, both terms must equal zero.

4 —2rC—r’ =0

Czén
2
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2

L icr=0

2m
7 _n
2mr’ 2

And with ¢ =mr’d sina

!

. 1 2
¢o=[—. ; j
mr, sin” &

From Prob. 10.23, mi = !
mr

For small oscillations about », r=r +¢.

2

T—mgcosa

=&

o V 62 ¢sma\/7

10.25 L=%mv2+q\7 A= 2(x +37+ 27 )+ g, + A, + 24,)

oL . d (6Lj . d4a
— =mi+qA,, —| = |= .
ox dt\ ox dt

Using the hint, d;" =X

t X oy oz
oL 04, .0A, .04
—=q|x +y +
ox ox ox ox

+y——+z

4

0A, .04 z'éA'* 3 8A 04
1 8x Ox

ox

|
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m)'c'zq(ﬁxé)x

Due to the cyclic nature of the Cartesian coordinates, i.e., i x j = k...

mj}=q(\7x1§)

y

m'z':q(fle?)

Altogether, mr = g (\7 X E)

10.26 V =mgz
—a—T—mx
P= 5% ’

T:lm(x2+y2+z'2)

P
m

xX=

similarly, y = 42 and z =
m

1 2 2 2
H=T+V=— +p+ +mgz
2m(Px p, Pz) &

oH p.
op, m

OH )
E_O__pxa

. d, . ..
px:E(mx):mxzo
oH p,

o, m

oH p,
op. m
a_H:mg:_p s
oz :

These agree with the differential equations for projectile motion in Section 4.3.

10.27 (a) Simple pendulum ...

p, =constant

d

b.=—(mz)=

dt

V =—mgl cos & T:%mlz@'2
oT Y . p
Pe= 36 e
2
H:T+V:2p912—mglcost9
m
O _ Py _g
op, ml
g—g:mglsinez—pg

similarly, p, = constant , or my =0

mzZ =—-mg

P
m
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(b) Atwood’s machine ...

<2
X

V=-mgx—m,g(l—x) T:5m15c2+%m25c2+51 > [Includes the pulley]
a
_oT _ m +m +i X, Xx= P
P= ox U dr) _( Ij
ml+m2 +72
a
2
H=T+V = P 7 —(ml—mz)gx—ngl
2(m1+m2+2j
a
P Tooms )
B e (m-m)g=-b.  b=(m-m)g
ox
(c) Particle sliding down a smooth inclined plane ...

V = —mgxsin @ T:%m)'c2
=L i i=L

ox m

2
H:T+V:p——mgxsin6’
2m
OH _p_
op m
a—H=—mgsint9=—p, p=mgsinf
ox
10.28
(a)

L=T(q.,q)-T(q,,t) ...note, potential energy is time dependent.
F=——50
T =
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_oL_ . ._D

- =mr =
P =5 m
oL A . p
=—=mr6 g =-Lt¢
Y r?
. p2 p2 k p
H= n.g.—L=pr+ - — [% __e—t
ZP,% P Po 2m  2mre r

Substituting for 7 and 6 ...
2

2
Hobl Pk
2m  2mr° r

(b) H=T + V ... which is time-dependent

(c) E is not conserved

10.29 Locate center of coordinate system at C.M. The potential is independent of the

center of mass coordinates. Therefore, they are ignorable.

spring constant.

oL : ) ,
Py = o =mn h= e
h m
L .
pw,:a—.:mrlzé?1 lep—wz
(r2,02) 06, m;

... and similarly for m;,
H= Zpl ql‘ -L

2 2 2 2
H=br p192+p2’ 1 L0 z—lk(rl+r2—l)2
2m, 2myr”  2m, 2m,r,

Equations of motion ...

First, 0, , 0, are ignorable coordinates, so p,,, p,, are each conserved.

oH . .
a_rl=_p1r =k(r1+r2—l)=—mll”1
oH ) .
a_rzz_pzr :k(r] +7 —l)=—m27’2
plr :p2r

Ap. =0 Ap, = constant.

The radial momenta are equal and opposite.

1 : : 1 . : 1
ZEml (rlz +r12912)+5m2 (rz2 +r226?22)—5k(r1 +7r, —1)2

where [ is the length of the relaxed spring and £ is the



10.30 L:lmﬁ—lmz
2 2

0=5Ldep=Lf5Ldt=Lf5(%nm2—%kﬁ)dz

0=["(miss—kesx)ds

i

ox= 15)6
dt
1) . 15} . d ) .
) mxoxdt = ) me(é‘x)dt = L mxd(é'x)
Integrating by parts:

h oo, . , f .
.L mxOxdt = mxox|; —L Sxd (mx)

ox=0 at ¢ and ¢,

d(mx):%(mx)dt = midi

° mxoxdx = —Ltz Oox mx dt

4

0= [ (~miSx—kesx)dt

i

mx+kx=0
V2
10.31 (a) L =-my’ l—c—2 -V

Let y = -

v

cZ
oL : . .
= =ymyx=p, This is the generalized momentum for part (b).
X

Thus, Lagrange’s equations for the x-component are ...
doL oL d oV

L E T

dioi ox dil" o
... and so on for the y and z components.

(b) H=Yvp-L

but ... vl.:L
ym,
2.2 2
So... H=YL T 1y
i ymyc 4
2.2 2
H:p—C2+M+V
ymyc 4

162



1

2
ym,c

H =

(p202 + mozc4 ) +V

(¢)  Now,if T =ym,’ then we have ...

2.2
c
pct +mjct =my’ct [1 +2 ]

2 2.2 2
=m,’c* [lﬂ-wj =m, c* (l—i—}/z vz/cz)

m0204
2 2 1
=m c" 1+L =mjc'| ——— |=y*m *c*
0 l—vz/c2 0 1—\/2/02 VT
Thus ... H=ymc* +V=T+V

2 2
d T=-"h"_ m0c2[1+lv—2+..)

=1_v2/02z 2c¢

1
T =—m’ +myc’
2
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11.1
(a)

(b)

(c)

(d)

11.2

Chapter 11

2
V(ix)==x"+ L
x
k2
V'=hkx—— At equilibrium, V'=0
X
X = k1/3
2
VH — %
X
V' o =k+2k=3k>0 Stable
V(x)=kxe™
V' =ke™™ —bkxe™
At equilibrium ke —bkxe™ =0
x=1
b
V" =—bke™™ —bkxe™™ + b’ kxe ™™
V| = ~2bke™" +bke™ = —bke™ <0 Unstable
Vix)=k (x4 — bzxz)
V" =k(4x' —2b"x)
At equilibrium k(4x’ —2bx) =0
x=0, % b/ 2
V" =k(12x* -2b)
V', =—2kb* <0 Unstable
V| s = k(667 =2b%) = d4kb® > 0 Stable
for case (a) a)2=% T=2—7[=27r ﬂ=2—7zs
m w 3k 3
2
for case (c) at x =+b//2 o = 2m
m @

Vix,y)= k(x2 +y° - 2bx—4by)

2 mz =S
\/4kb
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11.3

oV

— =2k(x-b) ov
ox

— =2k(y—2b)
0y
at equilibrium
x=b and
2 2 2
0 12/ ok oV _ 0 12/
ox OxOy oy
k,=2k>0 k,=k, =0
kll k12
kZl k22

The equilibrium is stabe.

y=2b

=2k

k,, =2k

=4k -0>0

wm:-%mz
dv(x) _

F(x)=-
kx dx = mx dx

j;kxdxzjmxdx %(xz—xé):m%

Xy 0

2 2
X+4[x°—x; =x,e”

2 2at

2 2 2
xt—xy =x, e = 2xx,e” +x

eat + e—at

= x, cosh at
2

X=X,

Y D —

Let the length of the unstretched, elastic cord

' bed. Then

d=2+y

V:%ud—yf—mg
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V:§(412 NI N +412)—mgy

szk(zl2 ECINE +y2)—mgy

The first term, 44/, is an additive constant to the potential energy, so with appropriate
adjustment of the zero reference point ...

V(y) =2k(y2 — 2117 +y2)—mgy

arey _ 2k[2y—2yl(12 +y2)‘1/2]—mg
dy
At equilibrium, the above expression is zero, so ...
4ky — ﬂ -mg = 0
NSRS
4kly

dky —mg =
N
, 16K°1%y°

16k>y* —8kmgy + m°g* = —
"4y

16k”y* —8kmgy’ +(16K°I* + m*g* —16k°* ) y* —8kl*mgy + 'm’g” =0

4 2 2 2_2

yoomg , omg® , mg  mg
Ea— + - + =
F o ekt ok T 16kl
letting u =Y and  o=ZE
/ 4%l

u' =2au’ + a*u* —2au+da* =0

11.5

V:mg(h1 +h2)

h =bcosé

h, =dsin(0+p)

h, =d (sin & cos @ + cos Osin @)

cos —ﬁ sin _4
= =4

h,=b@sin@+acos

V=mg|(a+b)cosd+bOsin0 ]
V'=mg|(a+b)(~sin@)+bsin 6+bOcosd |
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V'=mg[—asin@+bfcosb|
V"=mg[bcos@—bOsin@—acosl]

v, =mg(b—a)

Equilibrium ...

Stable | Unstable

a<b a>b

11.6

Fora=b, V=mg[2a —%944—..}

p'=—""82 93 | terms in higher order of @

V'=—mga® +...

V'"==2mgaf+...

V'"'=—2mga< 0 .. Equilibrium is unstable
11.7

The center of mass (CM) of the hemisphere is

%a from the flat side (see Equation 8.1.8).

The height of CM) above the point of contact
between the two hemispheres is designated
by 4 in the figure. #4; is the height of the
point of contact above the ground.

V=mg(hl +h2)=mg[bcos<9+acosn9—§a cos(¢9+(p)} and ap=>b0
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V=mg(h +h2)=mg[(a+b)cos6—§a COS(9+@H
a

y= mg{—(a+b)sin0+3§(a+bjsin((a+b}6’ﬂ Equilibrium occurs at =0

a a

P mg{_(a+b)cos0+%"(azbj2 cos((a;rb]eﬂ

v mg{—(a+b)+3§a(a+bj2:l ~"8 (44 b)(3b~5a)

a 8a
V,)>0 for 3b>5a

Therefore, the equilibrium is stable for a <%

11.8

From Problem 11.4, we have

22
V(y)=2k(y2—2l«/12+y2)—mgy:2k y2—212[1+JI}—2j —mgy

2\3 2 4
Expanding the square root for small % [1+JI/—2] =1+ 1y 1y

4

V(y)zZI{y2 -2 —y2 +%}—mgy

. 2k
4 zl—zf—mg

1
2\3
at equilibrium, V'=0 = y:(ngkl j

, Ok
V :l_2y2

2 2
., .6k mgl’ 3 1 mg )3
g |y—(mgfz/2k)3_1_2[ 2% j _6k3( 21

SOORCI0
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11.9
From Problem 11.5, V" =mg (b—a)

"

=y = b—
o=y~ -=\g(b-a)
=727

@ g(b-a)
11.10

From Problem 11.7, V;'= E(a +b)(3b—5a)

8a

m 2a
1,=2 /—:4
0= VO” ﬂ\/g(a +b)(3b—5a)

11.11

The relationship between the angles, 8 and ¢ (see Figure), can be determined from the
condition that there is no slipping as the ball rolls in the hemisphere, so the length of roll
measured along the ball, a (49 + (p) , must equal the length of roll measured along the

hemisphere, b6 ... so we have ...
bO=a(0+¢) and .. bO=a(0+¢)

and ... (p:(b_ajé
a

2 .

T:lm(b—a) 6’2+lgma2
2 25

V=—mg(b—a)cosd

(b—a)2 0°

V'=mg(b—a)sin® equilibrium @ 6=0°
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=

=2 _2z
w

11.12

The potential energy of the satellite shaped like a “thin rod” is (See Example 11.2.2,

Figure 11.2.1) ...

V= I -G M, dm but dm =2ﬂdx where 2a is the length of the rod.
r a
- a_GMeﬂdx:_GMem a dx
—a r 2a 2a e

(212 2
r_(ro +x +2r0xcos¢)

2, 2 % . 2xr;
r:(r0 +x) (I+&cosg)? where &=—"—"
n+x
1
V:—GMemIa (I+&cosg) 2dx
2a —a l
(r02+x2)2
2, 2.2 2x >
For r,>>x, r’+x’~r’, £x and r=r,(1+&cos¢p)?
0

Thus, for small ¢, the expression for the potential energy, V, can be approximated ...

2
Vz—GMemJ'a 1—l 2x cos¢+E 2x cos’ ¢ |dx
2ar, e 2\ 7, 8\ 7

2 3
Vz——GMe 2a+0+30082¢ 24
2ar, 2r, 3
2 2
Vz_GMf 1.9 cos2 ¢
A 2r,

M,( a° M ,a’
V'zG "(a J2cos¢sin¢:G2 4 sin2¢

2 3
e i 0
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Equilibrium @ ¢ =0

2
V'~ GM a* cos2¢ and I/'()'zGMea
ry To
L
M=1=—ma
3
v [36Mm,
W= |——=
M r’
3
Tozz_”:z;[ o
@ 3GM,
11.13

The amplitude of the symmetric component is 4; and the amplitude of the anti-symmetric
component is 4, (See Equations 11.3.19a through 11.3.20b).

AP =[5 O+ %O

! 4,
4, :5[x1 0)+ xz(o)] = >
A7 =[50 -x O]

1 A
4, —E[XZ(O)—XI(O)]—7 S A =4,

From Equation 11.3.18 the solution for x; is ...

x,(t) = (cos wt+cosw,t) (The phase &, is 180°, which insures that x,(0) = 4,)

x(t)=— (2cos(a)1+a)2)t cos(a)l_wz)tj
2 2

w, + o, ,

and A:L

Letting ... =

x, ()= A, (cos @t cosAt)

From Equation 11.3.18, the solution for x, is ...

xz(t)— (cosa)t cos w,t )

(@+)t (wl—wz)f)

A
x,(1) = —0(2 sin sin
2 2

x,(t) = A, (sin @t sin A¢)
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11.14

At time ¢ = 0 and short times thereafter ... cosAt~1 and sinAf~0. Thus, ...
x,~A4,coswt and x,~0. This situation occurs again when At =2r.

1

1
A:a)—wlzl (k+2k’j2 (Ejz
2 m m

_k _
k

eIt
for k'<<k (H%j _1~1+1(2_k'j+..._1:k_'
ol

1
]2 2k 2rx ( 2k]
k' k'

T2l (62 +67)

V=mgl|:(1—cos@l)+(l—cosﬁz)]—£
r

/ r=r1,+Isin6, —Isin G,
: : a—V=mgl sin 6, — K cos 6 -
) 0, 26, (r,+1sin@, —Isin@))
: : 2 . 2 2
- 0 IZ:mglcosHl B ki sin 6, __ 2kl” cos™ 6, :

/‘ ' : o6, (r,+Isin®, —Isin6)" (r,+/sin6, —Isiné))

oV 2k12
ki, = 3 =mgl —
00, ?
6’1=492=0

oV 2kl* cos 6, cos 6,

00,00, (r, +Isin@, ~Isind,)
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oV oV 2k

4= 5000 " 96,00 -
192 | 46,0 2091 4 60 b
a—V:mglsin 0, + K cos 6, .
06, (r, +/sin6, —Isin6))
oV ki sin 6, 2ki* cos’ 6,
>=mgl cos 0, — : . - : : .
00, (r,+1sin@, —Isin6)" (r,+Isin6,—IsinG)
o 241
ky = 2 =mgl — 3
00, 0,=0,=0 )

Thus, from Equation 11.3.37a or b, we have

V= %[knelz +2k,0,0, + k22¢922:|

But from Equation 11.3.9, for the coupled oscillator, we have

1 1, 1
4 :Elocl2 +5k (xl2 —2x,x, +x22)+§kxl2

The forms of the potential energy function are similar with ...
k,=k+k'=k,, and k,=-k
In the case here ...

2kl

k=mgl and k'=-—
Ty
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Chapter 11 (continued)

11.16

T
T=Em1x12 +5m2x22
1 1, 2 1
V:§k1x12 +5k (x, —xl) +Ek2xz2

L=T-V

d oL . oL
AL My, P
dt ox, X

mx, +kx —k'(x,—x)=0

=—kx, +k'(x,—x,)

1

d OL .. OL
A T yx, =-
dt ox, 0ox,

m,%, + k,x, + k'(x, — x,)

—ma@” +k +k' —k'

—k' —m,@” +k, +k'

mm,e* = m, (k, +Kk')+m (k,+ k') & +(k +k')(k, +k') -k =0
mm,e* = m, (k + k') +m (k, +Kk') | + kk, (k +k, ) k' =0

am (k, + k') +m, (k, + k') + \/[mz (k,+ k') +m, (k, + k')]2 —dmm, [ ke, +(k, + K, ) k'] 0
2mm,

For m =m, m,=2m, k, =k, k, =2k, k'=2k

2m(3k) + m(4k) £(6mk +4mk )’ —4(2m*) (25 + 6k*)

2
o =
2(2m*)
=0k 6K
4 m 4
k
o=2w, and w, where @, =,|—
m

174



11.17

Note: As discussed in Section 3.2, the effect of any constant external
force on a harmonic oscillator is to shift the equilibrium position. x;
and x; are the positions of the harmonic oscillator masses away from
their respective “shifted” equilibrium positions.

|| .
T=—mx, +—(2I’I’l)x22

2 2

m

Vzékxl2 Jrlk(x2 —X, )2

k
X1
f L=T-V
‘ d oL . oL

2

——=mX,, —=—hkx,+k(x,—x

dtox, ' oy k(=)
k mx, + 2kx, —kx, =0

ia—L:2m5c'2, a—L:—k(x2 xl)

dt ox, ox,

2mx, + kx, —kx, =0

2m 2 The secular equation (11.4.12) is thus
—r —ma”® + 2k -k B
—k 2ma’ +k

2m’w* —Smkew® +2k* +k* =0

The eigenfrequencies are thus ...

ey
4 m

The homogeneous equations (Equations 11.4.10) for the two components of the j*
eigenvector are ...

—ma)2 +2k —k a]j ~0
ko met+k )\ 4,

For the first eigenvector (the anti-symmetric mode, j=1) ...

5+\/ﬁ(k

1 —j into the first of the two homogeneous equations yields
m

Inserting o, =

5+\/ﬁ
4

k+2k} a, =ka,,

3-J17
a = 4 ap
Letting a;; = 1, then a,; = -0.281 (Thus, in the anti-symmetric normal mode, the
amplitude of the vibration of the second mass is 0.281 that of the first mass and 180° out

of phase with it.)
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For the second eigenvector (the symmetric mode, j =2) ...

S—Jﬁ(k

1 —j into the first of the two homogeneous equations yields

Inserting @,” =

=

1 17 k+2k} a,, =ka,,

3+417
ay= 4
Letting a;, = 1, then a,; = 1.781 (Thus, in the symmetric normal mode, the amplitude of
the vibration of the second mass is 1.781 that of the first mass and in phase with it.)

m

a,

The two eigenvectors (Equation 11.4.13 and see accompanying Table) are ...

1

0 =(Z;]cos(a)lt—5l):(_O.zgljcos(a)l t—é‘l)
1

o, :(Z:jcos(a)zt—@):(Lml]cos(a)zt—éz)

11.18

1 . 1 . .\2
T=Emzf<92 +Em(ll<9+ L)
V =—mgl, cos @ —mg (I, cos 0 +1, cos ¢)

For small angular displacements ...
B - m ., m . \2 92 ¢2
L=T-V =10 +5(119+12¢) +2mgl, [1—7]+mg12 [1—7

d oL .. . . 0L
E£=mzfe+mll(zle+zz¢), 5 = 2meho
210 +1,6+2g60=0

d oL

. . OL
Ea_¢3:mz2(119”2¢)’ a—¢:—mglz¢

16+Ld+gp=0
The secular equation (Equation 11.4.12) is ...

2o’ +2g Lo | _ 0

~l &’ Lo’ +g
20Lo" -2g(L +1,) 0 +2g* - Lo* =0
Solving for the eigenfrequencies @~ ...

20 (1 +1,) /407 (1 +1,) —81 1 o>
0’ = g(li+h) \/g (h+h) ~8iLg zi(11+lz+w/llz+lzz)
2

211, 1
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The homogeneous equations (Equations 11.4.10) for the two components of the j"
eigenvector are ...

2L’ +2g  —Lo' \(a;) 0
~lLw’ Lo’ +g )\ 4y,

Inserting the larger eigenfrequency (the (+) solution for @” above) into the upper

homogeneous equation yields the solution for the components of the 1** eigenvector ...

(—2110)12 +2g)a11 ~Lw’a, =0

11+12+w/112+z22} Ll 417 4L
= 8a,,

20a, | 1-
gn[ L I

L—1 —I>+1}

a, =4ay /
2

for the higher frequency, anti-symmetric mode.

Inserting the smaller eigenfrequency (the (-) solution for @*) into the upper

homogeneous equation yields the solution for the components of the 2™ eigenvector ...

(—2116()22 + 2g)a12 ~-Lw,’a,, =0

L—1+I7+1°

a,, =a,, 7 for the lower frequency, symmetric mode.
2

Again, we let a;; = 1 and az; = 1, since only ratios of the components of a given eigen
vector can be determined. The two eigenvectors are thus (Equation 11.4.12 and
accompanying table)

1

O=\1L-1 _W cos(a)lt—él) ... anti-symmetric
12
1

0, = Zz_lﬁr\/m cos(a)zt—52) ... Ssymmetric
12

As a check, set /, =/, =/ and compare with the solution for Example 11.3.1.

11.19
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m¥, +kx, —k(x,—x)=0

mx, +2kx, —kx, =0
mjc'2+k(x2 —xl)—k(x3 —xz):0

—kx, + mx, + 2kx, —kx; =0
mi; +k(x,—x,)+ ke, =0

—kx, + mx, + 2kx, =0

The secular equation (Equation 11.4.12) is ...

—ma’ + 2k —k 0
—k —ma”® + 2k —k =0
0 —k —ma* + 2k

(~m* +2k) ~2k* (~m* +2k) =0

2 2 2 2
—ma* +2k=0, or (—ma) +2k) —2k*=0
o’ =2k _

m
—mo* +2k =2 k

w’ =(2i\/§)£=(2i\/§)a)02

2
2w,

From Equation 11.5.17 (N=1 and n = 3)

. T
®, = 2@, sSin—
8

1—cos@
2

0 =20, %:ﬁwm/il—ﬁ/z
, :a)O\/2—\/§

, =20, sin2—7Z =2w, Q = \/Ea)o
8 2

0, = 20, 5in 7 = 2, [ L0037/ 4
8 2

w, =\/§a>0\/1+\/§/2 =a)0\/2+x/§

. 6
Because smE:
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Generalized coordinates: X, s(=a6)

and

x=X+asind y=a(l—-cosb)
x=X+abcos® J=alsinb
T:lMX2+lm(x2+y'2)

2 2

1 1

) :EMXZ +Em[(X+a6’cos9)2 +(a(9'sin0)2}

V =mgy =mga(l1-cosf)

For small oscillations, in terms of the generalized coordinates X and s ...
1. o, 1 o2 1 2

T~—MX"+—m(X +5) V ~—mgs
2 2 2a

LzT—VleX2 +lm(X+$)2 —imgs2
2 2 a

Lagrange’s equations of motion yield ...

X+5+85=0  (M+m)X+mi=0
a

Assuming ...

X = 4™ s = Be
we obtain the matrix equation ...

((M N ;)wz ”n;,g/a][ﬁ) =0

Setting the determinant of the above matrix equal to zero yields...

+M
o’ =0, w,’ =—g(m )
M
The mode corresponding to o, is ...
0 -g/a)(4 o
=0 implies that A=B=0
0 0 B

Thus, mode 1 exhibits no oscillation! It is a pure translation with ...
0=0 and X =A1t+A4,

The mode corresponding to o, is ...

0)22A+(a)22 —g/a)B =0
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B w,’ m+M
or... =—-

Z_a)zz—g/a_ m
Setting 4 =1, we have for the 2" mode ...
i M iw.
X =" and  s=af=-"""2 o
m

This mode corresponds to an oscillation about the CM where ...
(m+M)X =-ms(=-mab)

The normal mode vectors are ...

A1t+A2 1 i, t
0= 0 and 0, = _m+M e

m

11.21

(a) We can solve for the normal modes using
Equation 11.4.9 ...

(K -o'M ) a=0

K and M are the potential energy and kinetic
energy matrices respectively. a is a two-
component vector whose elements are the
amplitudes of the coordinates ¢. The kinetic
energy in Example 11.3.2, assuming small
displacements from equilibrium, are ...

Tzlsz +lm()'(2 +(r6")2 +2Xr6")
2 2

T~ lZm).(z +lm(2).(rt9')+lm(n9')2
2 2 2
or, in matrix form

T——l gM. wh =
ere

r
2 1
Thus, M =m
1 1

The potential energy is ...

V z%sz +m£(r<9)2

2r
1 k oy 2m 1 -
7~ | 200 |2+
where @,” = K =i
M+m 2m
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20
Thus K =mao,’ (0 J The above matrix equation is thus ...
20 2 1)|fa
maw,’ —ma’ "1=0
0 1 1 1)|\a

2(a)02—a)2) N (alj_o
-’ -’ \&

From the top equation in the matrix equation above, we get ...
2((002 —a)z)a1 ~w’a,=0
2 2
a, 2(0)0 - )
a, w’
The amplitudes for the two normal modes can be found by setting @’ =’ or ®,”.

In each case we set a, =1, which we are free to do since only ratios of the amplitudes can
be determined.
For o’ =@’ = (2—\/5)(002 we obtain ...

) :2(%2—@12):2[1—(2—\/5)Lﬁ
B

Thus, for mode 1, the lower frequency, symmetric mode ...
1 iot
= e
q, \/E
For o’ = w,’ = (2+\/§)0)02 we obtain ...

20 o)) 2[1-(2++2)] 5
TP

Thus, for mode 2, the higher frequency, anti-symmetric mode ...
1 iw,t
= e
q, _

(b) In this case,

Cl2=

<<1 or M >>m. We also assume that the spring is “slack”,

m+M
ie., Y << % , an assumption not stated in the problem (which needs to be rectified in
the next edition, I suppose)
Also, 2mg#kr, so we let a)02 = k ~ i and 902 £
M+m M r

The kinetic energy is
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T le)'(2 +lm()'(2 +(r(9)2 +2Xr(9)
2 2
T z%(M -|-m)X2 +%m((r9)2 +2Xr¢9) z%MXZ +%m(2).(r(9.)+%m(rt9.)2

and the M-matrix is

M =~
m m
The potential energy is
1 ) 1 g 2 1 2 1 2
Va—kX?+=m=(rf) ==Ma) +—mQ,
2 2 r 2 2

The K-matrix is thus

K~ oM 0
0 Q,’m

To solve for @, we set ‘K—a)zM‘ =0

(a)02 -’ )M —w’m .
—-w’'m (902 —a)z)m B
which yields ...

[a)ozﬁoz +o'-0’Q) -0’ w, ] mM —o*m’ =0

o' (M —m)- o (0, + Q) )M +0,’Q,’M =0
Neglecting m with respect to M and simplifying yields ...
o' —w’ (a)02 +Q’ ) +@,Q,° =0

Solving for @’ ...

. (@7 +9)) N \/(a)oz +Q2) —40,Q,
CTTy T 2
2 2 2 2
®* = (a)o ;QO )J_r(wo ;QO ) Thus, we get ...

o’'=w, and o,=Q;
Now, we solve for the amplitudes a of the normal mode vectors ...

(K—a)zM)a =0
(a)02 —a)z)M —w’m (a‘}o
—w’'m (902 —a)z)m a,

Using the first of the above matrix equations for @’ = @’ = @,” gives ...
a,=0 and a =1

Using the second equation for @ = @,” =Q,’” gives ...
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a,=0 and a,=1
Thus, the normal modes are approximately ...

1) . 0) .
Qf[ojel%t and Qf(ljew

Note that we could have guessed this almost immediately. The above assumption is
tantamount to omitting the cross elements —@’m . This completely eliminates the small
coupling between the two oscillators, which reduces the matrix K —@’M to the purely
diagonal terms ...
() -0’ )M 0
, which leads directly to the above solution.
0 (@)} - )m

22,

We “scale” the force constants and masses to 1 unit,

namely,
m=1 and k=1.

Let k' =K and [=1

such that 3/ = circumference

So: T = %(29’12 +6,"+6.)

1 1 1 1 1 1
4 =5(<91 -6,) +5(<92 -4 +§(91 -6,y +§(<93 -4 +51<(<92 -6,y +§K(¢93 -6,)
Collecting terms ...
4 %[4912 +2(1+K) 0, +2(1+ K) 67 — 40,0, - 40,0, - 4K 6,0, |

K - Matrix M - Matrix
4 -2 -2 2 00
=|-2 2+2K -2K M=0 1 0
-2 2K 2+2K 0 0 1

The ttansformation matrix A that diagonalizes these matrices is made up of the three
eigenvectors @; whose amplitudes are a; ... we guess that ...

1. Uniform rotation
1

0,=0,=0, or a,=|1
1
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2. Anti-symmetric oscillation of 2&3, while 1 remains fixed
0

0,=0; 6,=-0, or a,=| 1
-1

3. Anti-symmetric oscillation of 1&2 together with respect to 3

1
6 =1 6,=6, or a =|-1
-1
10 1 1 1 1
Thus, A=|1 1 1| and A=|0 1 -1
1 -1 -1 1 -1 1

We can now diagonalize Kand M ...
1 1 1)\ 4 -2 -2 10 1
AKA={0 1 -1 -2 2+2K -2K |1 1 -1}1(%
1 -1 -1)\-2 -2k 2+2K){1 1 -1

0 0 0 4 0 0
K,.=10 4+38K Likewise M,,, =0 2 0

0 16 0 0 4
The eigenfrequencies are @’ = [K diag | M diag}

0’ =0; 0’ =2+4K; o =4

The general solution can be generated from the following table ...

9 2 &

91| a 0 a

‘92| a a, —a4

93| a —a, —a,
1 0 1

where 0, =q,| 1 cos(a)lt—é'l), 0,=a,| 1 cos(a)zt—é'z), 0,=a,| -1 cos(a)3t—53)
1 -1 -1

Thus, @:alcos(a)zt—@) +a3cos(a)3t—53)

0 =q cos(a)zt—é'z)+a2 cos(a)zz‘—52)—a3 cos(a)3t—53)

0, =aq, cos(a>2t—§2)—a2 cos(a)zt—ﬁz)—a3 cos(a)3t—53)

184



Initial conditions are: 6, =6,=10"; 6,=6,=0; 6,=6,=6,=0
The conditions generate 6 equations with 6 unknowns and solving gives ...

6, 6,
6, =?°cosa)lt+?°cosw3t

6, 6
6, =—2cos w t ——>cos ;¢
2 2

0 00

0, ZECosa)lt——cosa%t

11.23 See Ex. 11.4.1, page 497-498

The amplitudes of the eigenvectors are ...
1 1 1

a=1| a,=| 0| a,=|-2m/M
1 -1 1

K - Matrix M - Matrix
K -K 0 m 0 0
K= -K 2K -K M=0 M 0
0 -K K 0 0 m
1 1 1Y K -K 01 1 1
Kdiag:,:lKAzl 0 -1|-K 2K -K [1 0 -2m/M
1 -2m/M 1)L 0 -K K J\1 -1 1
0 0 0
K,.=|0 2K 0
0 2K+8Km/M 8Km*/M?
1 1 1Ym 0 0)1 1 1
M, =AMA=|1 0 110 M 0|1 0 -2m/M
1 -2m/M 1 ){0 0 m){1 -1 1
2m+M 0 0
M, = 0 2m 0
0 0 2m+4m*/M
So, we have ...
w’ =0, wzzzz—K:E,and...
2m  m

22K 8K /M 48K m/M? K (1+4m/M +4m’/M*)
’ 2m+4m’ M m(1+2m/M)
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, K(l+2m/M) K
T (ram/M) =5 F2m/M)

11.24
)2
M ‘ ___________ X2
..-'.\E_/...‘...
o N ) .
V3 ! Vi
a ! a

Select coordinates (x; , yi) as shown, then ...

T%m(fcf 3] +y'32)+%M(*f +37)

The potential energy depends only on the compression (or stretching) of the two springs
connecting each m to M (hydrogen to sulfur). Let oa, and da, be incremental changes

in the distances a, or HS(1 - 2)and a, or HS(3 —2). We have ...

oa, :(x1 _x2)sin06+(y2 —yl)COSOl:%(xl—xz‘i'yz_yl)
1

Sa, =(x,—x;)sina+(y, —y;)cosa =—=(x, = x; + y, = ;)

S

V:%k[(aal)u(aaﬂ

We can reduce the degrees of freedom from 6 to 3 by ignoring the two translational
modes and the rotational mode. Thus we consider only vibrational modes. The
coordinates must obey the following constraints ...
No center of mass motion:
m(yl +y3)+My2 =0 and m(x1 -|-x3)-|-Mx2 =0
No angular momentum about any point. We choose that point to be the sulfur atom (M)...
my,asina —my,asina —mx;asina —mx,asina =0
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V3=V —X—x=0

We introduce three generalized coordinates O, g; and ¢, that should be close to what we
guess would be normal modes ...

O=x+X5 =X —X3; ¢, =Y+,
Solve for x; , y; in terms of O, ¢g; and ¢, using the above 3 equations of constraint ...
1 m 1
X :E(Q"'%); X, :_HQ; =X X5 X :E(Q_ql)
1

]
Y =5(q2 -0); =—%q2; Vs =5(Q+q2)

Thus, the kinetic energy, in terms of these generalized coordinates, is ...

1 my ., 1 . | 7]
T=—m|l+— |0* +—mg’ +—m-=q,’
2 ( MJQ PRI Ve

where u =M +2m is the mass of the H,S molecule

The potential energy is .

1 s 1, u
V=—k|1+ +— k +— k ——k

5 ( Mj O +—kq, Ve 9, PREVALE
Note, that in the Lagrangian L =T -V, the only cross term is one involving ¢,q, .
therefore, O is a normal mode with eigenfrequency given by the ratio ...

k m
w,' =K, /M, =—(1+M)

m

Constructing the residual 2x2 K and M matrices involving only ¢; and ¢, terms, which we
will call Kg and Mgq gives ...

1 1 —u/M 1 1 0
Kq=— S, | and Mgq=

4\-u/M i’ IM 0 u/M
We have omitted the factors & and m, Wthh we’ll replace in the final solution,
remembering that the eigenfrequencies that we find as a solution to |Kq -’ Mgq|=0 will
be multiples of &k / m.
111-2&° —u/M

a- a)qu‘ —u/M M (/M ~207)

which reduces to .
20’ [Za) (1+ ,u/ M )] =0 which has the non-trivial solution ...

w, = l(1 +u/M )ﬁ in which, we have put back the factor £/ m. These two modes are
’ 2 m

“degenerate.”
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Plugging @ back into the matrix equation (Kq -0’ Mq)q =0 gives ...

¢ ==9, Or —XTX;=Y+);
which can be satisfied in a variety of ways, for example, with x, =x, and y, =-y,,etc

Pictorially, the three normal modes are ...

N
®

O-mode: ant-symmetric about y-axis:
/ X, =x; and y =-y,

o [
, k m
\4 @, = —(1 + —j
m M
‘ Breathing mode: symmetric about y-axis:
¢ X, =-x, and y =y,
V\ /V k
2
o =—(1+u/M
° ° =g (/M)
? Stretching mode: symmetric about y-axis:
/1 % X =—x; and Y =y,

. . 2
- Qs u/M
@, 5 (1+u/M)

11.25

(a) Plug each of these functions into the wave equation and it is satisfied!

(b) Q =q,+q, = el o ik +ei(a}+Aw)t e—i(k+Ak)x
_ pilordal2)e -i(krak/2)x [e ~i[ (Aw)i~(ak)x]/2 N e+i[(Aa))t—(Ak)x:' /2 }

The real part of the above is ...

Q:zco{(A“’)f;(Ak)x}o{(m%@jz_(m%"H
z2CO{(A“’)“(A")X}OS(M_kx)
2

(©) The group speed is ...
£ dt

(the phase of the amplitude remains the same)
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Aw
u
£ Ak

11.26

A S
VARV

From Equation 11.5.17 ...

sin——

10

@ sinﬂ sinﬂ
10 10 10

Dy
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11.27

F =k Al is the tension in the cord
[+ Al

n+l
From the equation following Equation 11.5.7...

k=L
d

From Equation 11.6.4c ...

, k
=—([+Al)Al
Y m( " )

d =

is its stretched length

1
) 1
=l — [+Al)AL|]>  fort
Vs (m] [( +Al) :I or transverse waves

For longitudinal vibrations, we use Y, the tension in the cord per unit stretched length

kAl

=P8 _k(i+ Al
aaean KA
K =§ (Equation 11.6.8)
2
okt k(A ion 11.6.92)
m/n m

ndz(n+1)d:l+Al

1
Vg = (ﬁy (1+Al)

m

11.28

From Equation 11.6.7b ...
1

-1

As in problem 11.27, F =k Al

1
(kAZ Jz
vtrans =
U

From Equation 11.6.9b ...
1

2
v=(£j and from problem 11.27 ... Y =k({+Al) s

U

k(1+Al)

|

0| =
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11.29

The general solution to the wave equation (Equation 11.6.10) that yields a standing wave
of any arbitrary shape can be obtained as a linear combination of standing sine waves of a
form given by Equation 11.6.14, i.e.,

y(x,t)= i (An sinw,t+ B, cosm, t) sin [ZEJ
n=1 "

2
where @, =—

n

since the speed of a wave is ...
1

V—ﬁ——a)”/ln = 5 :
T 2 )7

n

we have .

1
F, 227

W, =|—
[uj 4,

But the wavelength of the standing wave is constrained by the fixed endpoints of the
string, i.e. ...

A :2—1,50...

n

Now, at t = 0, the wave starts from rest in the configuration specified, so...

y(x,0)= ZB smnlﬂ

From the discussion of Fourier analysis in Appendix G or in Section 3.9, the Fourier
coefficients are given by ...

2 . NTX
B =—| y(x,0)sin——dx
=7 j »(x,0)sin =

Since the string starts from rest, we have ...

(%1 nzx _
o z A sm _0

Therefore, A4 =0

The initial configuration is shown in the Figure P11.29. Thus ...

2a /
x,0)=—x O<x<—
y(x,0) ; 5
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y(x,0)227a(l—x) é<x<l
We can now determine B, ...
12 1
B =2 2—"jxsm@abhuz—“ (1-x)sin == d
A / i /

Using integration tables, we obtain the result ...

n—1
B :[(_1)2} ?azsin% n=135,..

! nr
B =0 n=2,46,..

Thus, the general solution is ...
8a vt . xx 1 3zvt . 3zx 1 Srevt . Srmx
y(x,t) =—| coS——sin— ——cos 1 co sin ——...
T / /9 / [ 25 [ /
None of the harmonics which have a node at the midpoint have been stimulated ... only
the odd harmonics have been excited.

11.30

By analogy with the generation of the traveling sine wave of Equation 11.6.14 from
Equation 11.6.13, we get ...

y(x.1) :ﬂ{LSinMjLSinMj_l(SinMJFSiHMJ

z’ 9

+i(sin 57z(x+vt) +sin SE(X_W)]..}
25 / /
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