11/2/2022

—po Jd

P39 R

| o S lod OIS >




/
Damped Harmonic motion b—-‘ Sealar o8 =
S&Ia*p\éjﬁ;,ubow|ﬂﬁ&l9ﬁ§u¢>d¢5f

S F = [> mi = —kz — ci

—CT S5 Sy
. . .. c. k
mx + cx +kx =° —— $+H$+E$:°
. _c
gsi\.)‘:“'t“f.J‘"’ ’Y=Tn";
w! (= k/m)

H P4 Yy +wle=-

term representing the damping force. It does not seem reasonable that the damping
force should, in general, depend on the displacement, but it could be a function
of the velocity or perhaps of some higher time derivative of the displacement. It is
frequently assumed that the damping force is a linear function of the velocity,*

Damping Force = F(x, X, X, ...)

&:} Damping Force =-cx , ¢>0

11/2/2022



i+ T’}f?’—i—wfx = o
Lo s 4y Al g

d

dtdz —_ [DT + Y7D—I—w:]$= ° gsJiL..: ARYP

Cdt?
[D+7-~ fy"w-wf] [DJr'}/—i—\/'y"—wf]m:c’

ol 3l 218 Uyl e Jus 3 ool 4y e 5] Slkas
T sy Dl &se Jor anS 0l 15 L S olples paame 5l cl Ojle ages Ol

r.:ufs Aol sde] Canddy Lio (S5l

N o (Kilwgh o8 2 Juwil g3 dolao Jo

ol b b 93 Biipn Jomsibies S¥oles

¢ bl ol slein ol X(1) = Ale—(v—q)t n Aze—(v+q)t

g= /7" —w! e b A
J.Ju.a e plate Sl an
Overdamping: > wf ks kb g > 0
Critical damping: P =w? S e g=c
Underdamping: y? < g e S pm ¢ A

11/2/2022



(overdamping) (glmedS > g > © .1

X(t) — 'Ale_(y —C])t + Aze_(Y"’q)t
ol i U1 5 93 A
Lol so et adyl Ll (505 51 Ay 5 Ay sl

(+a) 5 (v-0) wslie plm <l 5o b e 58 51 S ~

Bl B Ol Gy @S by 058w Jo 5l ebs e sl ol als o S am
338 3k Sl Condy 4 (Sl 5 253 50 Sls ol

(critical damping) (slpu gl (s> ¢ = ° I

q= 'YZ—(Dg:O N 'Y:(Do:i N i:\/g - c=2vnk
2m 2m m

X(t) — A-e_(y_q)t + Aze_(y+q)t

s x() = Ae T+ AT = (A+ A)e " = Ac

(5;\1».: ﬁ:b{D#—’Y*\/’YT—wEJ [D+'y+1/fy"—¢q:}_;c= o

b (D+y)(D+y)r="r

adyl Cae e 5§86 b sl painits g5 Ll

11/2/2022



11/2/2022

dJoles J=

x5 u=(D+v)x
D+y)D+y)z=> — (D+yu=-

U = Ae—’ﬂ Calslan (gl o g

O -
A= e’Yf(D +¥)z = D(ze™) c.xe’ = At+ B
D(xe") = (xeyt) &t ‘; oy 2(t) = Ate™" + Be™t
t

sl Gl gilas By A (o, SIS <l g3 5 te ™y e oyl b5 ol Sl
Slosh eS8 050 by o8 Jlo Sl adyl ploals 5l e pam ST T Sl Glhs sy
sals plis YUELY Js_zﬁ).; 390 o .;;;(f. 5L sl coesy & u,;tm ,L,A,) el

T T R ; : Wl d:-y .}Jjou,léts_)_yy

b She b sl Gl ol ey ol sl
Sload by oS J 5l adyl plaals




(unerdamping) (glme xS ssrse q III
q=1/7" —w!

Sl agpgn g T W] <o S 1L Sa S gl y el S

Q=+y* —0f == (05 -v?) =v=1x ol -1° =io,

Y
QPN g E_ ¢ w, >0
m  tm'

Lo 5 Loal Scnles sla Sl sl sl sbodaley st Wy 5 wo

Lo X(t) = ALe—(v—Q)t + Aze—(qu)t

. ,C[!(t) = C_l_e_('?'_éwd)t + qu—('y—l—iwd)t
dé— I, | .
— e“')’t(c_}_ew-’dt + C_e—’&wdt)
J"UL'g“"I GLG—-'l: C_ 9 C_|_

oo sl b ol Sl 5l e peme Clp

Wb e bl Ol L
sl S8 Ll yase O 5 O o 08 bl oo i

C:=C_ CizC+
(e 5 s b g canm s |y lg oS a1

11/2/2022



x(t) = e””?”f((}'_ke'i“_"‘”t + C_e~twat)
bbb o W) gr) = e (Cpe el 1 O = aft
i — -
p=0-=C sz ous C
C* =C,=C*
.’l?(t) — e*f}rt(c*e—f-iwdt i Ce—iwdt)

A—'i&
0. 5 A Siim ol 33 em,, - TC =€

C_|_ — C* — é_e—ﬁ—i&,

11/2/2022

:L‘(t) =7t (%6+i(wdt+eo) + %e—i(wdt—]-ou))

A iwgtrey _ A A
ve i(wq ):—T-cos(wdt—!-ﬁn)+27 sin(wgt + 6.) Bl 5 S sl ol

%e‘i(wdt%“) = % cos(wgt + 0. ) — z-j‘f}- sin(wqt + 6.)

“ 2(t) = e (A cos(wat + 6. ))H

;yiuaeajl.lf‘ﬂg

» A olws Bl e i Wslae sls isy
= —e ¢
Y > ‘cv(t) = e~ " (Asin(wqt + qb))\
C* = §6+z‘9,
Y




Lo &5 Kl g lor wlor sl O gol
LT o Sy s gl Tl Lo 5 g 5 O c A gla o -
|J¢U<;QL4§ Q|j9.x5<;3LuJSd:bus>3uS—Y
Il Slus z = Asin(w.t + ¢.)
Lo &5 Koy x(t) = e 7 (Asin(wgt + ¢.))
3500 Slblag B el o €77 (B ol G o i (V)

W 4§ ol Wi Lea S Sealen Silus iyl daboy 1glion Ga o et ()

XS o Doy Lpe Sealer Kilus 1 jama] (oS Lot Sialen byt

P Yo Ym
-\:S)Sabysg‘gwc)‘gb Td:———-—: Y Y \/T
wg  (w, =)
04 = oag—yz - 04 <0, - T,>T,

11/2/2022



11/2/2022

o XS Sl g &S > s ged —£
The object still oscillates
sigusuidally Wk X=+Ae™"
~— o T d e
= e /\_ _ - \ .
A - —— _ _v Wagaall® oK)
3 R e
_'% f i 8 Time, ¢ ~._
5 a o 45 o‘..’ - \‘ -
A . . . but the amplitude decreases X=—-Ae™"
within the “envelope” of a
decaying exponential.
203 O gpl 0
* i}
3 S i g &= —AeT g1 = AeTV | sddjaine S 9

ahols _'SVJSUJI aTd/Y u.a_gl...n 2)35 o (ISJLAJ ol L. u..a[.o.'i bl




b o p

Lboge Sl e yho boatls (JulS opls gl S

—yt t=T —T
ey d eyd
dla s e = o WPV L b auly v = Ym/e ol Lo
c _ _ 4 2m
=-— e'=¢' ot=y ="
Ym C

ol T 51 Sl a8 0 S sl 8 Sl Slug 5l L koo wds | ba

ol 802 0305 o & adyl €S S Klus oyl Syt Casl Sl 5 3l (plhes sgam oS
ils a2k Slog 4 Jols el 4 <ty 558, 65w & Jols Candy o plzliw
Slgds Al 0gd e el ¥ = wo ke b oS Sl bys 3l Sy Sl ldies

S o pasia | Sl Slusl cunsy

b aals Cond -V

e w95 53 b Ol g asls s

z(t) = e " (Asin(wgt + ¢.))

Ae_y (t +Ty )

—yT,
9 s Ae—yt =€ e

11/2/2022

10



11/2/2022

FIGURE 3-6 Damped oscillator motion for three cases of damping.
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If v is small, Q will be large, and vice versa. Ordinary mechanical systems, such as loudspeak-
ers and rubber bands, are heavily damped and may have Q values from 5 to 100. On the other
hand, systems such as tuning forks and vioiin strings may nave a Q value as high as 1000. A

typical microwave cavity resonator has a ¢ value of about 10%. Systems with extr
damping are excited atoms (Q = 107), excited nuclei (@ = 10'?), and gas lasers (

Q
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Consider a pendulum of length £ and a bob of mass m at its end (Figure 3-13)
moving through oil with # decreasing. The massive bob undergoes small oscilla-
tions, but the oil retards the bob’s motion with a resistive force proportional to
the speed with F,., = 2mV g/€ (£6). The bob is initially pulled back at ¢ = 0 with § =
aand § = 0. Find the angular displacement # and velocity 6 as a function of time.
Sketch the phase diagram if \/g% = 10s"land @ = 10 2 rad.

Solution. Gravity produces the restoring force, and the component pulling the
bob back to equilibrium is mgsin 8. Newton’s Second Law becomes

Force = m(£€f) = Restoring force + Resistive force

mbd = —mgsin@ — 2m g/€(€0)

(rad/s)
0.05

' B(rad)

-0.05

FIGURE 3-13 Example 3.3. The = FIGURE 3-14 Phase diagram for Example 3.3.
bob is moving with decreasing 8.

11/2/2022

20



11/2/2022

Check that the force direction is correct, depending on the signs of § and 6. For
small oscillations sin 8 = 6, and Equation 3.46 becomes

§+2Vg/td + %9 =0 (3.47)

Comparing this equation with Equation 3.35 reveals that w3 = g/¢, and B? = g/¢.
Therefore, w§ = B? and the pendulum is critically damped. After being initially
pulled back and released, the pendulum accelerates and then decelerates as 6
goes to zero. The pendulum moves only in one direction as it returns to its
equilibrium position.

The solution of Equation 3.47 is Equation 3.43. We can determine the val-
ues of A and B by substituting Equation 3.43 into Equation 3.47 using the initial
conditions.

0()) = (A + Brye Bt
6t=0)=a=A (3.43)
6(t) = Be B! — B(A + Btye P!

6(t=0)=0=B—- BA

B = BA = Ba (3.48)
0 = a(l + Vg/e e Veltt (3.49)
() = _:g te~Vertt (3.50)
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