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1. Introduction and Preliminaries

All the rings we consider will be associative rings with 1 # 0 and all the modules
will be unital. Unless otherwise mentioned we will be working with right modules.
For any ring R, the category of right R-modules is denoted by Mod-R. Throughout
the paper, A and B will denote two (arbitrary but fixed) rings, and M stands for a
left B- right A-bimodule. We let T" denote the set of formal triangular matrices of
the form [a O]; a € A, be B and m € M, which is a ring under componentwise

m b
addition and multiplication given by the rule:

a 0f]d 0 aa’ 0

m bl |m ma’ +bm’  bb’

This ring T is known as a formal triangular matrix ring. These rings were initially
used as sources of examples in ring theory, showing unsymmetric properties, such
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as being right, but not left, hereditary. Goodearl in his book [5] constructed new
examples of nonsingular rings by means of formal triangular matrix rings, and gave
necessary and sufficient conditions for such rings to be right hereditary by first
characterizing their projective one sided ideas; see [5, Chap. 4, Sec. A]. It should
be pointed out that the formal triangular matrix rings have applications in the
subject of representing rings in matrix forms [1]. The ordinary lower triangular
matrix ring 7T, (R) over a ring R is a particular case of a formal triangular matrix
ring (see the proof of Corollary 4.5), and even for the case n = 2, some interesting
questions have been raised. For example, the Auslander—Reiten question asks when
T>(R) is of finite representation type. Recall that a left and right Artinian ring with
only a finite number of isomorphism classes of indecomposable finitely generated
modules is said to be of finite representation type. The above question has been
dealt with in [14]. An associative ring with identity is called right pure semisimple
if it is left Artinian and every right module is a direct sum of modules of finite
length. It is well known that a ring R is right and left pure semisimple if and only
if R is of finite representation type. The pure semisimple conjecture asserts that a
right pure semisimple ring must be of finite representation type. Possible counter
examples to pure semisimple conjecture were investigated by Ivo Herzog [10], who
proved the following deep result: If R is a counter example, then there are division
rings F' and G and a simple G—F-bimodule ¢Bp such that the ring (g g) is a
counter example. This “minimal” counter example motivated the study of purity
over triangular matrix rings, and because of its relation to the pure semisimple
conjecture, the problem of full description of indecomposable modules over potential
minimal counter examples was considered; see for example [11, 15, 16]. In this paper
we aim to complement the knowledge of purity over lower triangular matrix rings
by studying pure projective modules, pure injective modules and locally coherent
modules over a formal triangular matrix ring. To some extent, the general module
theory over T has been investigated in [2, 7-9, 12, 13].

In the rest of this introduction some notations that will remain fixed throughout
the paper are mentioned. We shall adapt the well-known description of T-modules
from [5] which is afforded by the equivalence of category Mod-T with a category
), described below.

Let © denote the category whose objects are triples (X,Y) s where X € Mod-A4,
Y € Mod-B and f:Y ®p M — X is a map in Mod-A. If (X,Y) and (X', Y"),
are objects in €, the morphisms from (X,Y)f to (X',Y”’), in Q are pairs (o1, p2)
where @7 : X — X’ is a map in Mod-A4, p2 : Y — Y’ is a map in Mod-B satisfying
the condition ¢1f = g(p2 ® 1) where 1) denotes the identity map on M. It is
well known [6] that the category Mod-T is equivalent to the category €. The right
T-module corresponding to the triple (X,Y") is the additive group X &Y with the
right T-action given by

a

m

(%y)[ 2] = (za+ f(y @m),yb).
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Conversely if Vr is given then by using the idempotents e; = [(1) 8], ey = [8 ?]
and ring identifications e;7" = A and Tey = B, the triple corresponding to V is
constructed. It is (X,Y)s where X =Ve;, Y =Ves and f: Veao @p M — Ve is
given by f(vea ® m) = vey [?n 8] = v[?n 8]61.

Thus, the regular module Tr corresponds to (A @ M, B)y where f is the map
B®pM — A® M given by f(b&@m) = (0,bm). It is convenient to view such triples
as T-modules, and the morphisms between them as T-homomorphisms. Often the
map f occurring in a triple will be clear from the context. This is particularly
evident for T and its submodules. If (¢1,p2) : (X, Y ) — (X', Y’), is a map in
Q, then it is clear that (¢1,2) is injective (respectively, surjective) if and only if
1 and ¢y are injective (respectively, surjective). Let V = (X,Y)s be a T-module.
Any T-submodule of V' corresponds to a triple (X’,Y”) s where X’ is a submodule
of X4, Y’ is a submodule of Yz such that f/ = f(¢:® 1) maps (Y ®p M) into the
submodule X’ where ¢ : Y/ — Y is the natural inclusion. Also it is easy to verify
that (X,Y); is a finitely generated T-module if and only if (X/Im f)4 and Y are
finitely generated modules. A detailed description of the factor modules of Vp is
given in [9]. We now introduce the following ideals of T

0 0
M B

A 0
M 0

bl

Throughout, these ideals and the following notation will be retained. If V is a T-
module corresponding to (X,Y )y, we let: f:Y — Homa(M, X); f(y)(m) = f(y®
m) fory € Y, m € M. Note that f is a B-homomorphism. Moreover, we often write
VM for the T-submodule V[g/[ 8] of V. It is easy to verify that V/ VI ~ X/Im f
in Mod-A, and V/VP ~Y in Mod-B.

Goodearl in [5, p. 114] has introduced some useful adjoint pairs of functors, one
of which in our notation is the following:

(J2s,P3) : Mod-B — Mod-T,
J23(N) = (N ®@p M, N)]-N@BM? P3((X»Y)f) =Y.

For future use we introduce two new adjoint pairs below. Define

K :Mod-A — Mod-T by K(Z) = (Z,Homa(M, 2))y,
fla®@m)=a(m) Vae Homy(M,Z), me M;

and K(g9) = (9,9+<)V g : Za — Z/;, where g.: Homa (M, Z) — Homa (M, Z') is the
left multiplication map by g. Also, define I': Mod-T' — Mod-A by I'[(X,Y)f] = X
and I'[(61,02)] = 0;. It is left to the reader to verify that K and I' are functors and
the map Ay z) : Homa(I'(V), Z) — Homr(V,K(Z)) defined by Ay z)(0) = (6, 6..f)
VV =(X,Y)s € Mod-T, Z € Mod-A4, is a bijection and natural in each variable.

1250107-3



A. Haghany, M. Mazrooei € M. R. Vedadi

Therefore, (I',K) is an adjoint pair. The other adjoint pair is as follows: (F,G) :
Mod-T' — Mod-(A® B) where F[(X,Y)s] = (X/Im f)®Y and G(C® D) = (C, D).
Here we have used the fact that any right module over the ring A& B is of the form
C @ D with suitable C4 and Dpg.

2. Pure Monomorphisms

Let R be any ring and W be an R-module. Suppose U < Wg. Then U is called
a pure submodule of W if for any left R-module H, the additive homomorphism
L ® 1y : U®gr H — W ®gr H is one to one where ¢ : U — W is the inclusion
map. It is well known that U is a pure submodule of W if and only if any system
of equations Y wia;; = u; € U (j = 1,...,m, a;; € R) which is solvable in
W, is also solvable in U. A short exact sequence 0 — U Lwik - 0 is called
a pure exact sequence if Im f is a pure submodule of W. In this case [ is called
a pure monomorphism. An R-module N is called pure projective (pure injective)
if it is projective (injective) relative to any pure exact sequence. For some useful
information on these concepts see [3].

Lemma 2.1. (i) If R 5 S is a ring homomorphism and N is a pure submodule of
some S-module L, then N is a pure R-submodule of L with R-module structure
induced by €.

(ii) Let X' < X4 and Y' < Y. Then X' and Y’ are pure submodules of X a
and Yp respectively, if and only if (X' @Y') is a pure (A @® B)-submodule of
(XaY).

(iii) Let (X', Y")¢ LN (X,Y)¢ be a homomorphism in Mod-T.

If f' =0 then f0 = 0. The converse is true provided that ker ¢ = 0.
(iv) Let R and S be rings, Ng 4, Lr be a pure monomorphism and rpWgs be a

bimodule. Then N @ g W BNy ®pr W is a pure monomorphism in Mod-S.

Proof. (i)—(iii) are proved by routine arguments.
(iv) Since f is pure, f ® 1 is a monomorphism, and it is a pure monomorphism
by the associativity of tensors. O

Proposition 2.2. Let (X', Y") Le.0), (X,Y)s be a T-module homomorphism.

(i) If (p,0) is a pure monomorphism, then ¢ and 6 are pure monomorphisms in
Mod-A and Mod-B, respectively.

(i1) Suppose f' =0. If ¢ and Y’ LA ker f are pure monomorphisms in Mod-A and
Mod-B, respectively, then (X',Y")o Loh),
in Mod-T.

(X, ker f)o is a pure monomorphism
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Proof. (i) Since (¢, ) is one to one, ¢ and 6 are so. By hypothesis the image
of ((¢,8) is a pure T-submodule of (X,Y);. Using the ring homomorphism
(a,b) — [& 9] from A® B to T and Lemma 2.1(i), we can deduce that (Im @
Im6) is a pure (A @ B)-submodule of (X @& Y"). The proof is now completed by
Lemma 2.1(ii).

(ii) By Lemma 2.1(iii), Im# C ker f. Since f(y ® M) = 0 for all y € ker f, we have
(X @ ker f) [1& 8] = 0. Hence, (Imp@®Im#) is a T'//M-submodule as well as an

(A @ B)-submodule of (X @ ker f). Therefore, by hypothesis (X', Y")o (o),
(X, ker f)o is a pure monomorphism in Mod-T'/M by Lemma 2.1(ii). The proof
is completed by Lemma 2.1(i). m|

Proposition 2.3. Let (X,Y); be a T-module, X' be a pure submodule of X4 and
Im f < X'. Then (X',Y)s is a pure submodule of (X,Y)y.

Proof. Suppose that Y 7 (2j,y;)Ai; = (2},v;)) € (X' @Y) where A;; =
[;17 b?j] € T and (zj,y;) € (X @Y) (i = 1,...,m). Then we have Y7, x;a;; +
f(y] ®@my;) = xp and 30 yibiy; = v; (i = 1,...,m). Since X’ is a pure sub-
module of X and Im f < X', there are u,...,u, € X’ such that Z?Zl wja;; =
xj — 35y fly; @ my;). It follows that 377, (uj, y;)Aij = (2, ), and so (X', Y)y
is a pure submodule of (X,Y)y. m|

Corollary 2.4. Let (X,Y)s be a T-module. If either A is a regular ring or X is
semisimple, then (Im f,Y ')y is a pure T-submodule of (X,Y)s.

Proof. In any case, Im f is a pure submodule of X 4. Hence the result is true by
Proposition 2.3. O

3. Pure Projectivity

Following [17, 5.25] a module Mp is called finitely presented if Mp is finitely gen-
erated and for every exact sequence 0 — K — L — M — 0 of R-modules with L
finitely generated, Kp is finitely generated. By [3, Theorem 18-2.10], a module is
pure projective if and only if it is isomorphic to a direct summand of a direct sum
of finitely presented modules. The following result contains some facts that we shall
use in the sequel.

Proposition 3.1. (i) A module Mg is finitely presented if and only if it is finitely
generated pure projective, if and only if there exists an exact sequence 0 — K —
RM™ — M — 0 for somen € N and K finitely generated.

(ii) Let X be an R-module and H be an ideal of R such that H is a finitely generated
right ideal and XH = 0. Then X is a finitely presented R/H-module if and
only if it is finitely presented as an R-module.
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Proof. (i) This follows by [17, 25.4 and 25.1(iii); 3, Theorem 18-2.10].

(ii) Let X be a finitely presented R/H-module. Then there exists an exact sequence
0— K — (R/H)™ — X — 0in Mod-R/H such that K is a finitely generated
R/H-module. Clearly K is finitely generated as an R-module. Since now Hp is
finitely generated, R/H and so (R/H)™ are finitely presented R-modules. It
follows that X is finitely presented [17, 25.1(i)]. The converse is true because
any finitely generated R/H-module is also a finitely generated R-module. O

Let R be a ring and H be a proper ideal of R. If K L Lisan R-homomorphism,
we use f: K/KH — L/LH for the natural R/ H-homomorphism defined by f(k +
KH)= f(k)+ LH.

Proposition 3.2. Let H be a proper ideal in the ring R.

(i) If Wg is pure projective then W/ WH is a pure projective R/H -module.
(ii) If H is a finitely generated right ideal and W is a pure projective R/H -module
then Wg is pure projective.

Proof. (i) Let 0 —» K 2 L S N —>0bea pure exact sequence in Mod-R/H
and f: W/WH — N be an R/H-homomorphism. By Lemma 2.1(i), the above
sequence is also a pure exact sequence in Mod-R. Consider the homomorphism
fm:Wgr — Ng where m: W — W/W H is the natural projection. By the pure
projective condition on Wg, there exists an R-homomorphism ¢g: W — L such
that fm = 0g. Since now LH = 0, we have 0g(w) = f(w) for all w € W/ WH,
proving that W/ WH is a pure projective R/H-module.

(ii) This is clear by [3, Theorem 18-2.10] and Proposition 3.1. O

Corollary 3.3. Suppose that H is a proper ideal in the ring R such that Hp is
finitely generated and W is an R-module with WH = 0. Then W is a pure projective
R/ H-module if and only if it is a pure projective R-module.

Corollary 3.4. Let V = (X,Y)s be a T-module. Then (X/Im f)a is pure pro-
jective (respectively, finitely presented) if and only if (V/VI)r is pure projective
(respectively, finitely presented).

Proof. Note that I = [) V]7T is a finitely generated right ideal in T and A ~ T/I.
Thus, the result is obtained by Corollary 3.3, Proposition 3.1(ii) and the fact that
X/Im f ~ V/VI in Mod-A. m|

Lemma 3.5. Let V = (X,Y)s be a T-module. If f is a monomorphism in Mod-A,
then VI ~ (Y @p M, Y)1<Y®BM> in Mod-T.

Proof. Note that VI = (X,Y)[]& g] = (Im f,Y). Now it is easy to verify that
(Imf,Y)y ~ (Y ®@p M,Y) in Mod-T. m|

liyegnm
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Theorem 3.6. If (X,Y)s is a pure projective module in Mod-T' then Yp and
(X/Im f)a are pure projective modules. The converse is true provided that f is a
pure monomorphism.

Proof. Assume V = (X,Y); is pure projective. Applying Proposition 3.2(i) to
H = I (respectively, H = P), we deduce that (V/VI)y,; (respectively, (V/V P)r/p)
is pure projective. It follows that (X/Im f)4 and Yp are pure projective modules.

Suppose now (X/Im f)4 and Yp are pure projective and f : YV ®p M —
X is a pure monomorphism in Mod-A. Since Im f is a pure A-submodule
of X, VI = (Imf,Y); is a pure T-submodule of V by Proposition 2.3.
By Corollary 3.4, (V/VI)r is pure projective. Thus the pure exact sequence
0— VI—V —V/VI -0 splits. Hence, in view of [3, Theorem 18-2.10], it is
enough to show that VI is a pure projective T-module. By Lemma 3.5, we
shall show that (Y ®p M, Y)]-(Y®BM) is a pure projective T-module. Let 0 —

(X', Y"), (1) (X" Y")n (01,02)

and (Y ®p M,Y) lor,ea), (XY} be a homomorphism in Mod-T'. By

(X", Y, — 0 be a pure exact sequence

Lyepm)
Proposition 2.2, 0 — Y’ &3 Y Sym L 0isa pure exact sequence in Mod-B.
Since Y 23 Y is a B-homomorphism and Y3 is pure projective by hypothesis, there
exists Y 22 V" such that 8272 = as. Define v1 : Y @ M — X" by v = h(y2®1ar).
The map (v1,72) : (Y @5 M, Y )1y4 2y — (X", Y")n is @ homomorphism in Mod-
T. Also we have the following commutative diagrams

lyggm

Y @p M -5 X7 Y @p M Y ©@p M
0211 l l 01 as®1ns J, l aq
Yl/l ®B M i} Xl/l Y/// ®B M L X/l/

Thus, 6171 = O1h(v2e® 1) = k(02 @ 1ar) (72 @ 1ar) = k(0272 @ 1ar) = k(a2 ®@1ar) =
ay. Hence (61,02)(71,72) = (a1, ag), proving that VI is a pure projective T-module.
Therefore, V is pure projective. O

Corollary 3.7. Let (X,Y)s be a T-module and f be an A-isomorphism. Then
(X,Y) is pure projective in Mod-T if and only if Yp is pure projective.

Corollary 3.8. If (X,Y)¢ is a finitely presented T-module then (X/Im f)a and
Y are finitely presented. The converse is true provided that f is monic.

Proof. If V = (X,Y)y is finitely presented, then by Proposition 3.1, it is finitely
generated pure projective. Thus (X/Im f)4 and Yp are finitely presented by
Theorem 3.6.
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Conversely assume (X/Im f)4 and Yp are finitely presented and f is monic.
Since f is monic, the T-module VI is isomorphic to (Y ®p M,Y)1,q . by
Lemma 3.5. Since now Y is a finitely generated pure projective B-module, (Y ®p
M,Y )1y, is also a finitely generated pure projective T-module by Lemma 3.7.
Thus VI is a finitely presented T-module by Proposition 3.1. On the other hand,
by hypothesis and Corollary 3.4, (V/VI)p is finitely presented. Therefore, V' is a
finitely presented T-module by [17, 25.1(ii)]. |

Corollary 3.9. The functors Jaz, P3 and F preserve pure projective modules.

Proof. This is obtained by Theorem 3.6 and the fact that all modules over (A & B)
have the form X &Y for some X € Mod-A, Y € Mod-B with pointwise module
structure so that X @& Y is pure projective if and only if X4 and Yp are so. O

Remark 3.10. Suppose B is a right Noetherian ring and M4 is not finitely gen-
erated. Then the T-module T'/ P that corresponds to (X,Y)s where X =0,Y =B
and f = 0, is not finitely presented (pure projective) because Pr is not finitely
generated. But clearly (X/Im f)4 and Yp are finitely presented (pure projective).
This shows that the converse of Theorem 3.6 is not true in general, and the functor
G does not necessarily preserve pure projective modules.

4. Locally Coherent Modules and the Coherence of T

We now investigate the coherent 7-modules. Following [17, 26.1], a module Ng is
called locally coherent if every finitely generated submodule of N is finitely pre-
sented. A module is called coherent if it is finitely generated and locally coherent.
A ring R is called right coherent if Rp is coherent. It is well known that if a ring R
is either right Noetherian or regular, then R is a right coherent ring. If (X,Y)s is a
T-module, Y7 < Yp and ¢ : Y7 — Y is the inclusion map, then we have the natural
A-module homomorphism ¢t ® 15, : Y7 ® g M — Y ®p M, and in this case we set

f1 = f(t®1). Tt is easy to verify that for any A-submodule K of X containing
Im f1, the natural map (K, Y1)y (@ (X,Y) is a monomorphism in Mod-T.
Theorem 4.1. If (X,Y)y is a locally coherent module in Mod-T then Yg is
locally coherent and for every finitely generated submodule Y1 < Yg, the module
(X/Im f1)a is locally coherent. The converse is true provided that gM is flat and
f is monic.

Proof. Let (X,Y)¢ be alocally coherent T-module, Y; be a finitely generated sub-
module of Y5 and K be a submodule of X 4 containing Im f; such that (K/Im f1)4
is finitely generated. Then (K,Y7)y, is a finitely generated T-submodule of (X,Y )y,
hence (K, Y1)y, is finitely presented by our assumption. This shows that (K /Im f1)a
and (Y7)p are finitely presented modules by Corollary 3.8, proving that (X/Im f7)
and (Y71)p locally coherent.

A

1250107-8



Pure Projectivity and Pure Injectivity Over Formal Triangular Matriz Rings

Conversely, suppose that g M is flat and f is monic and (X1, Y1)y, is a finitely
generated T-submodule of (X,Y)¢. Then (X;/Im f;) and Y7 are finitely generated
submodules of (X/Im f1) 4 and Yp respectively, and so they are finitely presented
by our assumption. Since now M is flat and f is monic, f; is monic. The proof is
completed by Corollary 3.8. |

Theorem 4.2. IfT is a right coherent ring, then A and B are right coherent rings
and (M/LM) 4 is locally coherent for any finitely generated right ideal L of B. The
converse is true provided that gM is flat.

Proof. Suppose that T is a right coherent ring. Consider the T-module T =
(X,Y)y where X = A M,Y = Band § : Beg M — A @ M defined by
O(b@m) = (0,bm) is an A-homomorphism. Applying Theorem 4.1, we deduce that
B is a right coherent ring and for every finitely generated right ideal L; of B,
(X/Im f1) ~ A®(M/Ly M) is a locally coherent A-module. For L; = B, we deduce
that A is a right coherent ring. Hence, for every finitely generated right ideal L
of B, (M/L1M) 4 is locally coherent by [17, 26.1(1)]. The converse is also obtained
by Theorem 4.1 because 6 is monic. O

Corollary 4.3. If A is a right Noetherian ring and B is a reqular ring then T is
a right coherent ring.

Proposition 4.4. Let g M be flat and M 4 be finitely generated. Then T is a right
coherent ring if and only if A, Bg and My are coherent.

Proof. Since M, is finitely generated, (LM) 4 is finitely generated for any finitely
generated right ideal L of B. Thus M4 is locally coherent if and only if (M/LM)a
is locally coherent for any finitely generated right ideal L of B [17, 26.1]. The result
is then obtained by Theorem 4.2. O

It is well known that being finitely presented, and hence being (locally) coherent
is a Morita invariant property. Thus, in view of [17, 26.6(c)], a ring R is right
coherent if and only if Mat, (R) is so. In the following we observe that a similar
result holds for the lower triangular matrix ring 7, (R).

Corollary 4.5. Let R be a ring and n > 1. Then R is a right coherent ring if and
only if T,,(R) is so.

Proof. We proceed by induction on n and apply Proposition 4.4 for M = R(»~1),
A=T,_1(R) and B = R. We have pM is flat and T,,(R) ~ [ﬁ OB]. By induction
assumption A is a right coherent ring. Now if ¢ = n — 1, then M = mA where

1250107-9
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m=(1,1,...,1)1xq and 7 - anny (m) = aA where

Tq-1)x(g-1) 0

a =
-1 -1 0
axq
Hence M ~ A/aA is a locally coherent A-module [17, 26.1]. Thus T;,(R) is right
coherent by Proposition 4.4. O

In [4] right J-coherent rings are introduced and studied (a ring R is called right
J-coherent if the Jacobson radical of R is coherent as a right R-module). Next we
use Theorem 4.1 to investigate the J-coherence of T'.

Proposition 4.6. If T is a right J-coherent ring then A and B are right J-coherent
rings and (M/LM) 4 is coherent for any finitely generated right ideal L of B that
is contained in J(B). The converse is true provided that gM s flat.

Proof. Note that by [8, Corollary 2.2], J(T) = (X,Y)s, where X = J(A) & M
and Y = J(B). Also a finite direct sum of modules is coherent if and only if each
direct summand is so. The rest of the proof is similar to that of Theorem 4.2. O

Corollary 4.7. If T5(R) is a right J-coherent ring then R is right coherent.

Remark 4.8. (i) The converse of Corollary 4.7 is not true in general. For example
R= [é %] is a coherent ring by Theorem 4.2, but J(R) = [(& 8] is not finitely
generated. This also shows that the coherence of T' does not imply that M4 is

finitely generated.

(ii) The flatness of pM cannot be relaxed from the hypothesis of Theorem 4.2. Set
A = B = the coherent ring Q[z1,x2,...]; see [17, 26.7] and let I be the ideal
of A generated by {z1z;|j = 2,3,...} and M = A/I. Then gpM is not flat

and U :=r- annT([Z‘) Iol]) = [C(}I 8] where C' is the ideal of A generated by

{z;|j =2,3,...}. It is easy to see that (C/I)a and hence Ur is not finitely
generated. This shows that 7' is not a right coherent ring.

Proposition 4.9. If A is a right Noetherian ring, M4 finitely generated and B a
right coherent ring then T is a right coherent ring.

Proof. We use [17, 26.6(e)]. First note that if (X,Y)s is a right ideal of T, then
Y < Bp and X being a submodule of (A & M), is Noetherian. Hence (X,Y)y is
a finitely generated right ideal if and only if Y is a finitely generated right ideal
of B. Second, for every t = [, 2] € T, we have r - annp(t) = (X', Y )y where

Y =r-annp(b) and X’ < (A @ M)4. Therefore, the right coherence of B implies
that of T. O
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5. Pure Injectivity

In this section we investigate pure injective T-modules. The following Lemma is
needed and may be found in the literature, but we give a proof for completeness.

Lemma 5.1. Let R be a ring and 0 — K Lp4N - 0 be a pure exact sequence

in Mod-R. Then 0 — K/KH EN L/LH EN N/NH — 0 is a pure exact sequence in
Mod-R/H, for every proper ideal H of R.

Proof. It is known that the R/H-module K ®p R/H is naturally isomorphic to
K/KH. Now consider the following commutative diagram

KopR/H'® LeogR/H

K/KH - L/LH.
By Lemma 2.1(iv), f ® 1, and hence f are pure monomorphisms in Mod-R/H. The
rest of the proof is routine. |

Proposition 5.2. Let H be a proper ideal of a ming R and W be an R-module
with WH = 0. Then W is a pure injective R/H-module if and only if it is a pure
injective R-module.

Proof. (=) Let K L Lbea pure monomorphism in Mod-R and a : K — W be
an R-homomorphism. By Lemma 5.1, we have the pure monomorphism K/KH EX
L/LH in Mod-R/H. Since WH = 0, we have & : K/KH — W. Now W is a pure
injective R/ H-module, hence there exists an R/H-homomorphism v : L/LE — W
such that vf = a. Let 3 = ym where L = L/LH is the natural projection. Then
for any k € K, Bf(k) = yr(f(k)) = vf(k) = a(k) = a(k) that is B8f = «, proving
that Wg is pure injective.

(<) By definition and Lemma 2.1(i). m|

Recall that a ring R is right pure semisimple if any right R-module is pure
injective. The class of right pure semisimple rings is closed under finite direct sums
and homomorphic images; see [17, 53.7(b)].

Corollary 5.3. Suppose that A and B are right pure semisimple rings and V' is a
T-module. Then M, V/V M, V/V P and V/VI are pure injective T-modules.

Proof. Use Proposition 5.2 and the fact that T/M ~ A & B is a pure semisimple
ring. O

Theorem 5.4. Let V = (X,Y)¢ be a T-module. If Vr is pure injective then so is
X 4. The converse is true provided that [ is an isomorphism.
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Proof. Assume that Vp is pure injective. Let X3 9 X, be a pure monomor-
phism in Mod-A and a : X; — X be an A-homomorphism. It is easy to
see that (X1,0)0 @9 (X,Y)s and (X1,0)0 @9 (X2,0)¢ are homomorphisms
in Mod-T. By Proposition 2.2(ii), (g,0) is a pure monomorphism. Thus by our
assumption, there exists a T-homomorphism (51, 82) : (X2,0)0 — (X,Y)s such that
(61,02)(g,0) = («,0). It follows that 819 = «, as desired.

Conversely, assume that X4 is pure injective and f is an isomorphism. Let
(X1, Y1) lo82), (X2,Y2)s, be a pure monomorphism in Mod-T" and (o, a2) :
(X1,Y1)5, — (X,Y); be a T-homomorphism. By Proposition 2.2(1), X; % X,
is a pure monomorphism in Mod-A. Since X4 is pure injective, there exists A-
homomorphism 3; : Xo — X such that 8191 = «ay. For every z € Y5, define 6, :
M — X by 0,(m) = p1f2(z@m) for allm € M. Then 6, € Hom4 (M, X). Since now
f is an isomorphism there exists unique y. € Y such that f (yz) = 6,. Consequently,
Y- is the unique element of Y that satisfies f(y. @ m) = B1 fa(z®@m) for allm € M.
Define B2 : Yo — Y by (2(z) = y, for all z € Ya. Then we can deduce that (2 is a
B-homomorphism such that (51, 82) : (X2,Y2)s, — (X,Y)s is a T-homomorphism.
Since now (f191,0292) @ (X1,Y1)y, — (X,Y)s is a T-homomorphism, we have
f(B292 @ 1ar) = (Brg1) f1. Therefore, f(B292 ® 1) = a1fi = f(az ® 1ar). This
shows that (ae — (292)(y) € Ker f =0 Vy € Y. Thus f2g2 = aq, proving that V is
a pure injective T-module.

We have now the following result related to the adjoint pair of functors (I", K):
Mod-T" — Mod-A introduced in Sec. 1. |

Corollary 5.5. The functors IC and I' map pure injective modules to pure injective
modules.

Proof. For every Xa, K(X) = (X,Homa(M, X)); such that f = THom (M, X)-
Therefore, the result is obtained by Theorem 5.4. |
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