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GENERALIZED TRACEABILITY CODES 

Majid MAZROOEI1, Ali ZAGHIAN2 

       In this paper, we introduce generalizations of frameproof, secure frameproof, 
traceability and identifiable parent property codes and will study some of their 
basic combinatorial properties. 
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1. Introduction 

            Throughout this paper, ܳ is an alphabet of size ݍ and ܥ ك ܳ௡ is a q−array 
code of length  ݊. If  |ܯ = |ܥ, then we call ܥ an (݊, ,ܯ  ܥ code. The elements of−(ݍ
are called code words and each code word will have the form  ݔ ൌ  ሺݔଵ , . . . ,  ,௡ ሻݔ
where ݔ௜ א ܳ, 1 ൑  ݅ ൑  ݊. The matrix representation of the code ܥ, denoted H(ܥ), is 
an ܯ ൈ ݊ matrix on ݍ symbols where each row of the matrix corresponds to one of 
the code words. 
           Codes providing some forms of traceability (TA, for short) to protect 
copyrighted digital data against piracy have been extensively studied in the recent 
years. The weak forms of such codes are frameproof codes introduced by Boneh 
and Shaw [2], and secure frameproof codes. The more strong form of these codes 
are identifiable parent property (IPP, for short) codes which have been introduced 
by Hollmann, Van Lint, Linnartz and Tolhuizen [4] and defined as follows. 
           Let ك ܥ  ܳ௡ be a ݍ-array code. For any subset of code words ܥ଴ ك   the set ,ܥ 
of descendants of ܥ଴ , denoted desc(ܥ଴ ), is defined by  

desc ሺܥ଴ ሻ  ൌ  ሼא ݔ  ܳ௡ | ݔ௜ א   ሼܽ௜ ׷ א ܽ  ,଴ ሽܥ  1 ൑  ݅ ൑  ݊ሽ. 
           Thus desc(ܥ଴ ) consists of all ݊−tuples that could be produced by a coalition 
holding the code words in ܥ଴ . If א ݔ desc(ܥ଴), then we say that ܥ଴ produces ݔ. 
           Let ݓ be an integer. Define the ݓ−descendant code, denoted desc௪ሺܥሻ, as 
follows: 

desc௪ ሺܥሻ  ൌ ራ descሺܥ଴ሻ
஼బك஼,|஼బ|ஸ௪

             

           Thus desc௪ሺܥሻ consists of all ݊−tuples that could be produced by some 
coalition of size at most  ݓ. Now the code ܥ is called an ሺ݊, ,ܯ ,ݍ  ሻ−identifiableݓ
parent property code (ݓ−IPP) provided that, for all ݔ א desc௪ ሺܥሻ, it holds that 
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ሩ ௜ܥ
ሼ௜: ௫אdescሺ஼೔ሻ,|஼೔|ஸ௪ሽ

്  ׎

           Another strong versions of such codes are TA schemes and TA codes 
introduced by Chor, Fiat and Naor in [3]. In fact, TA codes turn out to be a 
subclass of  IPP codes and are defined as follows.   
           Let define ܫሺݔ, ሻݕ  ൌ  ሼ݅ ׷ ௜ݔ  ൌ ,ݔ ሽ for any ݅ݕ ك ܥ ௡ . Supposeܳ א ݕ  ܳ௡ is an 
(݊, ,ܯ  (TA−ݓ) traceability code−ݓ is called a ܥ .is an integer 2 ≤ ݓ code and − (ݍ
provided that, for all ݅ and all א ݔ descሺܥ௜ ሻ, ܥ௜ ܥ ك and |ܥ௜ | ≤ ݓ, there is at least one 
code word ܥ א ݕ௜ such that |ܫሺݔ, |ሻݕ  ൐ ,ݔሺܫ|  א ݖ ሻ| for anyݖ  . ௜ܥ ܥ 
           Combinatorial properties of  IPP codes and TA codes have been studied by 
Staddon, Stinson and Wei [9], Sarkar and Stinson [7], Barg, et al. [1], and also in 
[11]. The question of traitor tracing algorithms for IPP and TA codes is treated in 
[8], e.g. certain classes of TA codes are shown to have a faster tracing algorithm 
than their initially known linear runtime by using the list decoding techniques. 
New results on bounds of frame-proof codes and TA schemes can be found in [6]. 
           Recently, a major theoretical challenge is to derive more codes which have 
efficient tracing algorithms. To do this, some authors have given some 
generalizations of  IPP and TA codes. Sarkar and Stinson [7] defined an 
(݊, ,ܯ ,ݍ ,ݓ ك ܥ IPP code as a code−(ݐ ܳ௡ with the property that for every ݇ 
coalitions (1 ൑  ݇ ൑ , ଵܥ (ݐ  . . . , א ݔ ,ݓ each of size at most ,ܥ ௞ ofܥ ځ descሺܥ௜ሻ௞

௜ୀଵ   
implies ځ ௜ܥ

௞
௜ୀଵ ്  ,They have studied this generalization in part. For example .׎

they proved that a code ܥ is an (݊, ,ܯ ,ݍ 2)−IPP code if and only if it is an 
(݊, ,ܯ ,ݍ 2, 3)−IPP code. Another generalization is given by Wu and Sattar [12] for 
TA codes. They have defined TA codes relative to any well-defined metric and an 
efficient tracing algorithm is presented for Lee-metric TA codes.  
           In this paper, we introduce new generalizations of frame-proof, secure 
frame-proof, identifiable parent property and traceability codes and will study 
them. 

2. Generalized Traceability Codes 

           From now,  ߙଵ , . . . , ՜ ܥ : ௡ߙ  ܳ are maps and α = {ߙଵ , . . . , א ݔ ௡ }. For anyߙ  ܥ 
and for any ܺ ك ሻݔሺߙ let ,ܥ   ൌ  ሺߙଵሺݔሻ , . . . , ሺܺሻߙ ሻሻ andݔ௡ሺߙ  ൌ  ሼߙሺݔሻ | א ݔ  ܺሽ.  For any 
subset of code words ܥ଴ ك  ଴ , denotedܥ  descendants of−ߙ  we define the set of ,ܥ 
descఈ(ܥ଴ ), by  

descఈ ሺܥ଴ ሻ  ൌ  ሼא ݔ ܳ௡ | ݔ௜ א   ሼߙ௜ ሺܽሻ ׷ א ܽ  ,଴ ሽܥ  1 ൑  ݅ ൑  ݊ሽ. 
           Now, for any integer ݓ ൒  2 define the (ߙ,  descendant code, denoted−(ݓ
descఈ,௪ ሺܥሻ, as follows:  

descఈ,௪ ሺܥሻ ൌ ራ descఈሺܥ଴ሻ
஼బك஼,|஼బ|ஸ௪
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           Definition 2.1 Let ܥ be an (݊, ,ܯ ൒ ݓ code and−(ݍ  2 be an integer. We say 
that: 
,ࢻ) .1            ࢝)−Frameproof code: ܥ is an (݊, ,ܯ ,ݍ ,ߙ  frameproof  code−(ݓ
,ߙ)) ଴ܥ FP), if for any−(ݓ ك  א ݔ ,ݓ of size at most ܥ   descఈ ሺܥ଴ ሻ ת  ሻ impliesܥሺߙ
א ݔ  .଴ሻܥሺߙ 
,ࢻ) .2            ࢝)−Secure frameproof code: ܥ is an (݊, ,ܯ ,ݍ ,ߙ  secure frameproof−(ݓ
code ((ߙ, , ଴ܥ SFP), if for any subsets−(ݓ  ,ݓ of cardinality at most ܥ  ଵ ofܥ
descఈ ሺܥ଴ ሻ ת   descఈ ሺܥଵሻ ് ଴ܥ implies ׎  ଵܥ ת ്  .׎ 
,ࢻ) .3            ࢝)−Traceability code: ܥ is an (݊, ,ܯ ,ݍ ,ߙ  traceability code-(ݓ
,ߙ)) ଴ܥ TA) if for any−(ݓ ك  א ݔ and for any ݓ of cardinality at most ܥ   descఈ ሺܥ  ሻ, 
there exists א ݕ ,ݔሺܫ| ଴ such thatܥ  |ሻሻݕሺߙ  ൐ ,ݔሺܫ|  א ݖ ሻሻ| for allݖሺߙ  . ଴ܥ ܥ 
,ࢻ) .4            ࢝)−Identifiable parent property code: ܥ is an (݊, ,ܯ ,ݍ ,ߙ  −(ݓ
identifiable parent property code ((ߙ, א ݔ IPP) provided that, for all−(ݓ  descఈ,௪ ሺܥሻ, 
it holds that 

ሩ ௜ܥ
ሼ௜: |஼೔|ஸ௪,௫אdescഀሺ஼೔ሻሽ

്  ׎

           Note that the original definitions of FP, SFP, IPP and TA codes will be 
obtained if we take ߙ ൌ  ሼߨଵ , . . . , ௜ߨ ௡ ሽ, whereߨ ׷ ՜ ܥ   ܳ, 1 ൑  ݅ ൑ ݊, is the natural 
projection on the ݅−th component. Our first result determines the relations between 
our generalized traceability codes.  
           Proposition 2.2. The following relationships hold for any (݊, ,ܯ  .code−(ݍ

,ߙ) ,ߙ) ֜ TA−(ݓ ,ߙ) ֜ IPP−(ݓ ,ߙ) ֜ SFP−(ݓ  .FP−(ݓ
           Proof. Assume that ܥ is an (݊, ,ܯ ,ݍ ,ߙ  is an ܥ TA code. We show that−(ݓ
,ߙ) א ݔ IPP code. Let−(ݓ  descఈ,௪ ሺܥሻ . Then there exists ܥ଴ ك  | ଴ܥ| ,ܥ   ൑  such that ,ݓ 
א ݔ  descఈ ሺܥ଴ሻ. Let א ݕ ,ݔሺܫ| ଴ such thatܥ  |ሻሻݕሺߙ  ൒ ,ݔሺܫ| א  ሻሻ| for allݖሺߙ  ଴ . Thusܥ
,ݔሺܫ| |ሻሻݕሺߙ  ൒ ,ݔሺܫ|  א ݖ ሻሻ| for anyݖሺߙ  by assumption. We show that for any  ܥ 
௜ܥ ك  |௜ܥ| ,ܥ  ൑ א ݔ ,ݓ   descఈ ሺܥ௜ሻ implies א ݕ ,ߙ) is an ܥ ௜ , which proves thatܥ   −(ݓ
IPP code. By assumption, there is ݕ Ԣ א ,ݔሺܫ| ௜ such thatܥ  |Ԣ ሻሻ ݕሺߙ  ൐ ,ݔሺܫ|   ሻሻ| forݖሺߙ
any  ݖ א ݕ  ௜.  Ifܥ ܥ  ് ,ݔሺܫ| Ԣ , then we will have ݕ  |Ԣ ሻሻ ݕሺߙ  ൐ ,ݔሺܫ|   ሻሻ|, which is aݕሺߙ
contradiction. Hence  ݕ ൌ א Ԣ ݕ   . ௜ܥ 
           It is easy to see that any (ߙ, ,ߙ) IPP code is an−(ݓ  SFP code. We just−(ݓ
prove that if C is an (ߙ, ,ߙ) is an ܥ SFP code, then−(ݓ  ଴ be aܥ FP code. Let−(ݓ
subset of  ܥ of size at most  ݓ and א ݔ  descఈ ሺܥ଴ ሻ ת   ሻ. Thus there exists a codeܥሺߙ
word א ݑ ൌ ݔ such that ܥ  ଵܥ ሻ. Letݑሺߙ   ൌ  ሼݑሽ. Then  א ݔ  descఈ ሺܥଵሻ. By 
assumption, we have ܥ଴ ଵܥ ת  ് א ݑ  showing that ׎  א ݔ ଴ . Henceܥ   ଴ሻ whichܥሺߙ 
completes the proof. ■ 
           Proposition 2.3.  Let ܥ be an (݊, ,ܯ  code and let−(ݍ

݀ఈ  ൌ  minሼ݀ሺߙሺݔሻ, ,ݔ | ሻሻݕሺߙ א ݕ ,ܥ  ݔ ്  .ሽݕ 

Assume that ݓ ൒  2 is an integer such that ݀ఈ ൐ ݊ሺ1 െ ଵ
௪మሻ.   Then ܥ is an (ߙ,  TA−(ݓ

code. 
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           Proof. Let ߣ ൌ  ݊ሺ1 െ ൌ ߚ  ଶ ሻ andݓ  ଶݓ   െ 1. Assume that ܥ଴ ك  |଴ܥ| ,ܥ   ൑  ,ݓ
be a set of code words and א ݔ  descఈሺ0ܥ ሻ. For any א ݑ  descఈሺ0ܥ ሻ,  let ܯ ሺݑሻ  ൌ
 maxሼ|ܫሺݑ, א ܿ | |ሺܿሻሻߙ ൌ ܯ ଴ ሽ andܥ  min௨אdescഀሺ஼బሻ ܯ ሺݑሻ.  For any ݑ א  ଴ሻ  andܥఈሺܿݏ݁݀
א  ,ݑሺܫ| ଴, we haveܥ  |ሺܿሻሻߙ  ൑ ∑ ሻ which shows thatݑሺ ܯ  ,ݑሺܫ| ஼బאሻ|௖ܥሺߙ ൑  ሻ. Onݑሺܯݓ
the other hand, we have ݊ ൑ ∑ ,ݑሺܫ| ஼బאሻ|௖ܥሺߙ .  Thus ݊ ൑ ݑ ሻ for anyݑሺ ܯݓ  א
 descఈሺ0ܥ ሻ. Hence  ௡

௪
൑ א ݕ Now let .ܯ ,ݔሺܫ| ଴ be a code word such thatܥ  |ሻሻݕሺߙ  ൌ

א ݖ ሻ. Then for anyݔሺ ܯ       ଴ we haveܥ ܥ 
,ݔሺܫ| |ሻݖሺߙ ൑ ෍ หܫ൫ߙሺܥሻ, ሻ൯หݖሺߙ

௖א஼బ

൑ ෍ ߚ
௖஼బ

൑ ߚݓ ൏
݊
ݓ

൑  .ሻݔሺܯ

           This completes the proof.■ 
           Example 2.4. Let ܳ ൌ ൌ ܥ ଵଵ andܨ   ሼ100, 411, 511ሽ. Define the maps 
௜ߙ ׷ ՜ ܥ   ܳ ሺ݅ ൌ  1, 2, 3ሻ such that ߙ௜ሺ100ሻ  ൌ  2, ௜ሺ411ሻߙ  ൌ  3 and ߙ௜ሺ511ሻ  ൌ  6 for 
݅ ൌ  1, 2, 3. Then we have ݀ఈ  ൌ  3 ൐  4 . This shows that ܥ is an (3, 3, 11, ,ߙ 2)−TA 
code while ܥ is not a −TA code. 

           3. Generalized Traceability Codes and Hash Families 

           A finite set ܪ of ݊ functions ݄ ׷ ՜ ܣ  |ܣ| where ,ܤ   ൌ ൐ ܯ  |ܤ|   ൌ ݉, is called 
an (݊, ,ܯ ݉)−hash family, denoted by (݊, ,ܯ ݉)−HF. An (݊, ,ܯ ݉)−HF ܪ can be 
presented as an ܯ ൈ  ݊  matrix on ݉ symbols, where each column of the matrix 
corresponds to one of the functions in ܪ. Sometimes it is easier to consider hash 
families as such matrices. 
           Definition 3.1. We consider the following kinds of hash families. 
           1. Perfect hash family: An (݊, ,ܯ ݉)−HF ܪ is called an (݊, ,ܯ ݉,  perfect−(ݓ
hash family ((݊, ,ܯ ݉,  there is a function ,ݓ of size ܣ PHF) if for any subset ܺ of−(ݓ
 .ܺ H such that ݂ is injective on א ݂
           2. Separating hash family: An (݊, ,ܯ ݉)−HF ܪ is called an (݊, ,ܯ ݉, , ଵݓ  (ଶݓ
−separating hash family ((݊, ,ܯ ݉, ,ଵݓ ,ܺ ଶ)−SHF) if for any disjoint subsetsݓ ܻ of ܣ 
with |ܺ|  ൌ | ܻ| ଵ andݓ   ൌ א ݂ ଶ, there is a functionݓ   such that ݂ ሺܺሻ and ݂ ሺܻ ሻ are ܪ 
also disjoint.  
           The following theorem, due to Staddon, Stinson and Wei [9], makes a 
connection between perfect hash families and IPP codes. 
           Theorem 3.2. Let ܥ be an (݊, ,ܯ  .code whose matrix representation is C−(ݍ
If C is an (݊, ,ܯ ,ݍ ൅ ݓሺہ  2ሻ ଶ/4ۂ)−PHF, then ܥ is an (݊, ,ܯ ,ݍ  .IPP code−(ݓ
           Stinson, Van Trung and Wei [10] obtained another connections between 
(secure) frame-proof codes and separating hash families, which is stated in the 
following theorem. 
 
           Theorem 3.3. 
           1. A code ܥ is an (݊, ,ܯ ,ݍ ,݊) ሻ is anܥሺܪ FP code iff−(ݓ ,ܯ ,ݍ ,ݓ 1)−SHF. 
           2. A code ܥ is an (݊, ,ܯ ,ݍ ,݊) ሻ is anܥሺܪ SFP code iff−(ݓ ,ܯ ,ݍ ,ݓ  .SHF−(ݓ
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           In this section, we will derive similar results of our generalizations of FP, 
SFP and IPP codes. Before it, we need the following definition. 
 
           Definition 3.4. Let ܥ be an (݊, ,ܯ , ଵߙ ,code−(ݍ . . . , ௡ߙ ׷ ՜ ܥ   ܳ be maps and 
ൌ ߙ  ሼߙଵ , . . . , ,ݔ is an injective family if for any ߙ ௡ሽ. We say thatߙ א ݕ ሻݔሺߙ ,ܥ   ൌ
ൌ ݔ ሻ impliesݕሺߙ   .ݕ 
 
           Proposition 3.5.  Let ܥ be an (݊, ,ܯ ൒ ݓ code and−(ݍ  2 be an integer. If ߙ is 
an (݊, ,ܯ ,ݍ ,ݓ 1)−SHF, then ܥ is an (ߙ,  is an ߙ FP code. The converse holds if−(ݓ
injective family.  
           Proof. Assume that ܥ଴ ك  ,ܥ  |଴ܥ|  ൌ א ݔ and ݓ   descఈ ሺܥ଴ ሻ ת   ሻ. Thus thereܥሺߙ 
exists א ݑ ൌ ݔ such that ܥ  א ݑ ሻ. We claim thatݑሺߙ   is an ܥ ଴ which show thatܥ 
,ߙ) ଵܥ FP code. Let−(ݓ  ൌ  ሼݑሽ. if ב ݑ ଴ܥ ଴ thenܥ  ת  ଵܥ   ൌ  ,Hence, by assumption .׎ 
there is 1 ൑  ݅ ൑  ݊ such that ߙ௜ ሺݑሻ א   ଴ሻ, which is a contradiction becauseܥ௜ ሺߙ 
ሻݑሺߙ ൌ ݔ א descఈሺܥ଴ሻ. 
           Now assume that ܥ is an (ߙ,  FP code and α is an injective family. We−(ݓ
prove that ߙ is an (݊, ,ܯ ,ݍ ,ݓ 1)−SHF. If not, then there exist disjoint subsets ܥ଴ ,  ଵܥ
of  ܥ with |ܥ଴|  ൌ  1 and |ܥଵ|  ൌ such that for any 1 ൑ ݓ   ݅ ൑ ଴ ሻܥ௜ሺߙ ,݊  ת  1ሻܥ௜ሺߙ  ്  .׎
This shows that there is a code word ܽ א ሺܽሻߙ ଴ such thatܥ  א   descఈ ሺܥଵሻ. Since ܥ is 
an (ߙ, ሺܽሻߙ ,FP code−(ݓ א  א ܾ ଵሻ. Thus there existsܥሺߙ  ሺܽሻߙ ଵ such thatܥ   ൌ  ,ሺܾሻߙ 
which, by our assumption, implies ܽ ൌ  ܾ. Hence ܥ଴ ଵܥ ת ്  a contradiction. Thus ,׎
,݊) is an ߙ ,ܯ ,ݍ ,ݓ 1)−SHF. 
 
           Proposition 3.6. Let ܥ be an (݊, ,ܯ ൒ ݓ code and−(ݍ  2 be an integer. Then 
,ߙ) is an ܥ ,݊) is an ߙ SFP code iff−(ݓ ,ܯ ,ݍ ,ݓ  .SHF−(ݓ
           Proof. Assume that ܥ is an (ߙ,  is an ߙ SFP code. We show that−(ݓ
(݊, ,ܯ ,ݍ ,ݓ ,଴ܥ SHF. If not, then there exist  disjoint subsets−(ݓ  both of size ,ܥ  ଵ ofܥ
ሻ 0ܥ௜ሺߙ such that ,ݓ ת  ሻ 1ܥ௜ሺ ߙ  ് for all 1 ൑ ׎   ݅ ൑  ݊. This shows that for any 
1 ൑  ݅ ൑  ݊, there exists ݑ௜ א ௜ݒ ଴ andܥ  א ௜ ሻݑ௜ሺߙ ଵ such thatܥ  ൌ  ௜ሻ. Henceݒ௜ሺߙ 
descఈ ሺܥ଴ ሻ ת  descఈ ሺܥଵሻ ് ,ߙ) is an ܥ which is a contradiction because ,׎   SFP−(ݓ
code. Hence ߙ should be an (݊, ,ܯ ,ݍ ,ݓ  .SHF−(ݓ
           Conversely, assume that ߙ is an (݊, ,ܯ ,ݍ ,ݓ  is an ܥ SHF. We prove that−(ݓ
,ߙ) , ଴ܥ SFP code. Let−(ݓ  We shall .ݓ  both of  size ܥ  ଵ be disjoint subsets ofܥ
show that desc ఈሺܥ଴ሻ ଵሻܥdesc ఈሺ ת   ൌ By assumption, there exists 1 ൑ .׎   ݅ ൑  ݊ such 
that ߙ௜ሺܥ଴ ሻ ת  ଵሻܥ௜ሺ ߙ   ൌ ଴ሻܥThis shows that descఈ ሺ .׎  ଵሻܥdesc ఈሺ ת   ൌ  .as desired ,׎ 
 
           Proposition 3.7. Let ܥ be an (݊, ,ܯ ,ݍ ,ߙ ൒ ܯ IPP code where−(ݓ ൅ ݓ  1. 
Then the set ߙ ൌ  ሼߙଵ , . . . , ,݊) ௡ሽ is anߙ ,ܯ ,ݍ ൅ ݓ  1)−PHF.  
           Proof. If not, then there is ܺ ك |ܺ| such that ܥ   ൌ ൅ ݓ   1 and for any 
1 ൑  ݆ ൑  ݊, there are ݔ ് א Ԣݔ   ܺ such  that ߙ௝ሺݔሻ  ൌ Ԣ ሻݔ௝ ሺߙ   ൌ ൌ ݑ ௝ . Letݑ 
 ሺݑଵ , . . . , א ݔ ௡ሻ. Then for any ݑ  ܺ, we have א ݑ  descఈሺܥ௫ሻ where ځ ௫ܥ ൌ ܺ െ ሼݔሽ௫א௑ . 
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But for any א ݔ  ܺ, | ௫ܥ|  ൌ  is an ܥ and we have which contradicts the fact that  ݓ 
,ߙ) ,݊) is an ߙ IPP code. Hence the set−(ݓ ,ܯ ,ݍ ൅ ݓ  1)−PHF. 
           Proposition 3.8.  A code ܥ is an (݊, ,ܯ ,ݍ ,ߙ 2)−IPP code iff the family ߙ is 
both an (݊, ,ܯ ,ݍ 3)−PHF and an (݊, ,ܯ ,ݍ 2, 2)−SHF. 
 
           Proof. If ܥ is an (݊, ,ܯ ,ݍ ,ߙ 2)−IPP code then ߙ is both an (݊, ,ܯ ,ݍ 3)−PHF 
and an (݊, ,ܯ ,ݍ 2, 2)−SHF by  propositions 3.6 and 3.7.  Assume that ߙ is both an 
(݊, ,ܯ ,ݍ 3)−PHF and an (݊, ,ܯ ,ݍ 2, 2)−SHF. We show that ܥ is an (݊, ,ܯ ,ݍ ,ߙ 2)−IPP 
code. Let א ݔ  desc ఈሺܥ௜ሻ, ݅ ൌ  1, . . . , ௜ܥ where ,ݎ ൌ ሼܽ௜ଵ, ܽ ௜ଶሽ, 1 ൑  ݅ ൑  are distinct ,ݎ 
subsets of  ܥ. If  ܥଵ ଶܥ ת   ൌ then by assumption, there exists 1 ൑ ,׎   ݅ ൑  ݊ such 
that ߙ௜ሺܥଵ ሻ ת  ଶሻܥ௜ሺߙ   ൌ א ݔ which is a contradiction because ,׎  descఈሺܥଵ ሻ ת 
 descఈ ሺܥଶ ሻ. Hence ܥଵ ଶܥ ת  ്  Without loss of generality we may assume that .׎ 
ܽଵଵ  ൌ  ܽଶଵ . Note that in this case we have  ܽଵଶ ൌ  ܽଶଶ . We claim that ܽଵଵ א   ௝ for allܥ 
݆ ൌ  3, . . . , If not, then there exists 3 ൑ .ݎ  ݆ ൑ such that  ܽଵଵ ݎ  א ଵܥ  ௝ . Sinceܥ  ת  ௝ܥ  ്
we will have ܽଵଶ ,׎  א ௝. Similarly,  ܽଶଶܥ  א  ௝ܥ ௝ . Henceܥ  ൌ  ሼܽଵଶ , ܽଶଶ ሽ. By 
assumption, there exists 1 ൑  ݈ ൑  ݊  such that ߙ௟ሺܽଵଵ ሻ,  ௟ሺܽଶଶሻ areߙ ௟ሺܽଵଶ ሻ andߙ
distinct. Now there are 2 cases:  
 
           Case 1. ݔ௟ ൌ א ݔ ௟ ሺܽଵଵሻ: In this case we will haveߙ  descఈሺܥ௝ሻ, which is a 
contradiction. 
           Case 2. ݔ௟ ൌ א ݔ ௟ሺܽଵଶ ሻ: In this case we will haveߙ   descఈሺܥଶሻ, which is a 
contradiction. 
           Hence ܽଵଵ א ௞ for all ݇ ൌܥ   1, . . . ,  ■.as desired ,ݎ
 
           Theorem 3.9. Let ܥ be an (݊, ,ܯ ൌ ߙ code. If the family −(ݍ  ሼߙଵ , . . . ,  ௡ሽ is anߙ
(݊, ,ܯ ,ݍ ൅ ݓሺہ  2ሻ ଶ/4ۂ)−PHF, then ܥ is an (ߙ,  .IPP code−(ݓ
           Proof. If not, then there exist א ݔ  descఈ,௪ ሺܥሻ such that  

ሩ ௜ܥ
ሼ୧: ୶אdescഀ ሺC೔ ሻ,|C೔ |ஸ୵ሽ

ൌ  .׎

           Let  ܦ ൌ ځ descഀ ሺC೔ ሻ,|C೔ |ஸ୵ሽא௜ሼ୧: ୶ܥ    and define  

ݎ ൌ min ቐ|ܦᇱ| : ܦᇱ ك ,ܦ ሩ ௜ܥ
஼೔א஽ᇲ

ൌ  .ቑ׎

           Without loss of generality, we may assume that ܦԢ ൌ  ሼܥଵ , . . . ,  ௥ሽ is a familyܥ
of ݎ distinct elements of ܦ which have no common code words and for any 
1 ൑  ݅ ൑ א ݔ ,ݎ  descఈሺܥ௜ሻ. Let ܥ௜ ൌ  ሼݕሺଵሻ , . . . , ሺఉሻሽ. Hence for any 1 ൑ݕ  ݅ ൑  there ,ݎ 
exists ݕሺ௞೔ሻ א ڂ ௜ܥ

௥
௝ୀଵ,௝ஷ௜  such that  ݕሺ௞೔ሻ ב  ௜. This shows that for any 1 ൑ܥ   ݅ ൑  we ,ݎ 

have 
௜ܥ|  െ  ൛ݕሺ௞భሻ , . . . , ሺ௞ೝሻ หݕ ൑ െ ݎെ ሺ ݓ   1ሻ. 

which implies ߚ ൑ ൅ ݎ  െ ݓሺݎ  ൅ ݎ   1ሻ  ൌ  ሺݓ ൅  2 െ  is an integer, the ݓ Since .ݎሻݎ 
last inequality shows that ߚ ൑ ൅ ݓሺہ   2ሻ2 /4ۂ. Now, since ߙ is an (݊, ,ܯ ,ݍ  ,PHF−(ߚ
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there exists 1 ൑  ݆ ൑ ,ሺଵሻሻݕ௝ሺߙ such that ݎ  . . . ,  ,ሺఉሻሻ are distinct. On the other handݕ௝ሺߙ
there exists 1 ൑ ൑ ݐ  ൌ ݆ݔ such that ߚ  ௟ܥ ሺ௧ሻሻ. Also there is someݕ௝ሺߙ א   Ԣ such thatܦ 
ሺ௥ሻݕ א א ݑ ௟ . Since  there is no code wordܥ  ڂ ஽ᇱא௜஼೔ܥ  such that ߙ௝ ሺݑሻ  ൌ ௝ݕ

ሺ௥ሻ, we have  
ב ݔ descఈ ሺܥ௟ ሻ  which is a contradiction. Hence ܥ is an (ߙ,  ■.IPP code−(ݓ
           In [5], it is proved that if ݊ ൒ ݁ݓ 

ೢమ
೘  then there exists an , ܯ ݃݋݈ 

(݊, ,ܯ ݉,  .PHF. Hence we have the following corollary−(ݓ
 
           Corollary 3.10. Let ܥ be an (݊, ,ܯ ൒ ݓ code and−(ݍ  2 be an integer such 

that ݊ ൒ ሺ௪ାଶሻమ ہ

ସ
݁ۂ 

ሺ቞ ሺೢశమሻమ
ర  ቟ሻమ

೜ , ଵߙ  Then there are maps .ܯ ݃݋݈      . . . , ௡ߙ ׷ ՜ ܥ   ܳ such 
that ܥ is an (ߙ,  .IPP code−(ݓ

4. Conclusion 

           We generalized and studied codes providing some forms of traceability 
(FP, SFP, TA and IPP codes) to generate new families of such codes. Our 
generalized traceability codes enjoy the basic combinatorial properties of original 
ones. This motivates us to study decoding algorithms of our families  in  the  future.  
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